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CN I Abstract 

OJj| We study the geometric properties of holomorphic distributions of totally null m-planes on a (2r7i + e)- 

^ . dimensional complex Riemannian manifold {A4,g), where e G {0, 1} and m > 2. In particular, given such 

■^^ ' a distribution A/", say, we obtain algebraic conditions on the Weyl tensor and the Cotton- York tensor 

, , which guarrantee the integrability of J\f, and in odd dimensions, of its orthogonal complement. These 

fKf-N ■ results generalise the Petrov classification of the (anti-)self-dual part of the complex Weyl tensor, and 

' the complex Goldberg-Sachs theorem from four to higher dimensions. 
I I , Higher-dimensional analogues of the Petrov type D condition are defined, and we show that these 

\^ • lead to the integrability of up to 2"* holomorphic distributions of totally null m-planes. Finally, we adapt 

^*^ I these findings to the category of real smooth pseudo-Riemannian manifolds, commenting notably on the 

• , applications to Hermitian geometry and Robinson (or optical) geometry. 
^ ■ 

g '. 1 Introduction and motivation 

One of the milestones in the development of general relativity, the Goldberg-Sachs theorem, first formulated 

CN ' in 1962, states |GS09| that a four-dimensional Einstein Lorentzian manifold admits a shearfree congruence of 

^ i null geodesies if and only if its Weyl tensor is algebraically special. It has proved invaluable in the discovery 

of solutions to Einstein's field equations, and the Kerr metric is a prime example of its application [Ker63) . 

^o , A number of versions of the Goldberg-Sachs theorem subsequently appeared, and revealed a far deeper 

^SJ ' insight into the geometry of pseudo-Riemannian manifolds. To start with, the Einstein condition can be 

[^ , weakened to a condition on the Cotton- York tensor |KT62|lRS63j . whereby the conformal invariance of 

f~^ ' the theorem is made manifest. Further, the theorem turns out to admit a complex holomorphic counterpart 

T-H I [PH751IPR86] , and other variants on real pseudo-Riemannian manifolds of arbitrary metric signatures |PB831 

'"^ ■ |Apo98[IAG971IIZ05llGHNT0] . In all these versions, real or complex, the underlying geometric structure is 

^ , a null structure, i.e. an integrable distribution of totally null complex 2-planes. In the real category, the 

V~j ■ metric signature induces an additional reality structure on the complexified tangent bundle, which adds a 

rS I particular 'flavour' to this null geometry. Thus, in Lorentzian signature, a null structure is equivalent to a 

j^ ■ Robinson structure (also known as an optical structure), i.e. a congruence of null geodesies along each of 

which a complex structure on its screenspace is preserved |NT02l[Tra02a| . In particular, such a congruence 

is shearfree. Similarly, a Hermitian structure on a proper Riemannian manifold can be identified with a null 

structure. 

That distributions of totally null complex 2-planes on pseudo-Riemannian manifolds represent funda- 
mental geometric objects forms the backbone of twistor theory, or more generally spinor geometry, and a 
number of geometric properties of spacetimes can be nicely formulated in this setting |Pen67[|PR86j . These 
ideas generalise to higher dimensions: in even dimensions, a null structure is now an integrable distribution 
of maximal totally null planes; in odd dimensions, the definition is identical except that the orthogonal 
complement to the null distribution is also required to be integrable. Applications of higher-dimensional 
twistor geometry can be seen in the work of Hughston and Mason |HM88| . who give an even-dimensional 
generalisation of the Kerr theorem as a means to generating null structures on open subsets of the conformal 



00 



complex sphere. More recently, it was noted by Mason and the present author |MT10] that the higher- 
dimensional Kerr-NUT-AdS metric |CLP06| is characterised by a discrete set of Hermitian structures, and 
its Weyl tensor satisfies an algebraic condition generalising the four-dimensional Petrov type D condition. As 
in four dimensions |WP70] , these results were shown to arise from the existence of a conformal Killing- Yano 
2-form. 

Such findings suggest that a higher-dimensional Goldberg-Sachs theorem should be formulated in the 
context of null structures, and to this end, an invariant classication of the curvature tensors with respect to 
an almost null structure appears to be the most natural framework. Such a classification already exists in 
almost Hermitian geometry ^FFS94IITV81| , but curvature prescriptions that are sufficient for the integrability 
of an almost Hermitian structure do not appear to have been investigated. In Lorentzian geometry, the Weyl 
tensor has also been subject to a classification |CMPP04a[rCMPP04b[[MCPP051[PPCM04llPPO07[|OPP07j 
which has mostly focused on the properties of null geodesies. In fact, according to this approach, the geodesic 
part of the Goldberg-Sachs theorem admits a generalisation to higher dimensions |DR09| , but its shearfree 
part does not. In fact, shearfree congruences of null geodesies in more than four dimensions, which, as 
remarked in |Tra02b) . are no longer equivalent to Robinson structures, have not featured so prominently in 
the solutions to Einstein's field equations [FS03llPPCM04J . 

On the other hand, the present author [TCllj put forward a higher-dimensional generalisation of the 
Petrov type II condition, which, together with a genericity assumption on the Weyl tensor and a degeneracy 
condition on the Cotton- York tensor, guarantees the existence of a Robinson structure on a five-dimensional 
Lorentzian manifold. A counterexample to the converse is given: the black ring solution [ER02) admits pairs 
of null structures, but the Weyl tensor fails to be 'algebraically special relative to it' in the sense of Theorem 
ll.ll below. In the same reference, it is also conjectured that these results are also true in arbitrary dimensions, 
and in the holomorphic category. It is the aim of the paper to turn this conjecture into a theorem. To be 
precise, we shall prove 

Theorem 1.1 Let M be a holomorphic distribution of totally null m-planes on a {2m + e) -dimensional 
complex Riemannian manifold {Ai,g), where e G {0, 1} and 2m + e > 5, and let M'^ denote its orthogonal 
complement with respect to g. Suppose the Weyl tensor and the Cotton-York tensor (locally) satisfy 

C{X,Y,Z,-)=0, A{Z,X,Y)^0, 

respectively, for all vector fields X,Y £ r(A/'^), and Z G r{J\f). Suppose further that the Weyl tensor is 
otherwise generic. Then, the distributions TV and Af^ are (locally) integrable. 

In fact, we shall demonstrate more than this. We shall define further degeneracy classes of the Weyl tensor 
and Cotton- York tensor with respect to A/", and show that these also imply the integrability of TV and TV-*" . 
We shall also be able to weaken the genericity assumption on the Weyl tensor in Theorem 11.11 to such 
an extent as to guarantee the integrability of up to 2™ canonical null distributions and their orthogonal 
complements. Consequently, Theorem 1 1 . 1 1 will be generalised to the category of smooth pseudo- Riemannian 
manifolds of arbitrary metric signature. 

The structure of the paper is as follows. In section[2l we lay bare the algebraic properties of null structures 
by means of their stabiliser p, say, which is well-known to be a parabolic Lie subalgcbra of the complex special 
orthogonal group. Their properties are already well-documented in |BE89[ICS09j . and we use these sources 
to set up the algebraic background and the notation used throughout the paper. 

These algebraic considerations are then translated into the language of vector bundles in section [31 In 
particular, algebraic classes of Weyl tensors and Cotton- York tensors are defined in terms of p-invariant 
filtered vector bundles. We also examine the geometric characteristics of almost null structures such as 
integrability conditions and geodetic property. 

In section m we present the main results of this paper. It begins with a restatement of the complex four- 
dimensional Goldberg-Sachs theorem in the notation introduced in section [31 We discuss to which extent it 
may be generalised to higher dimensions. Buildling on |TC11) , we argue that the existence of a null structure 
together with a degenerate Cotton- York tensor does not necessarily lead to further, i.e. 'special', degeneracy 



of the Weyl tensor, in the sense of Theorem 1 1.1 1 On the other hand, we show that certain algebraic classes of 
the Weyl tensor, which generahse the Petrov type II and more degenerate, guarrantee the integr ability of an 
almost null structure, provided that the Weyl tensor satisfies a genericity assumption, and the Cotton- York 
tensor is sufficiently degenerate. We then prove the conformal invariance of these results. 

In section [SI after a heuristic discussion on the genericity assumption on the Weyl tensor, we extend 
Theorem 11.11 to the case of multiple null structures, which may be viewed as a generalisation of the Petrov 
type D condition. This allows us to show how it also applies to real pseudo-Riemannian smooth manifolds 
of arbitrary metric signature, giving special attention to proper Riemannian, split signature and Lorentzian 
manifolds. 

We end the paper with some remarks on the relation between the Goldberg-Sachs theorem and parabolic 
geometry. 

We have collected the complex Bianchi identity in component form in an appendix. 

Acknowlegments The author would like to thank Jan Slovak for useful discussions. This work is funded 
by a SoMoPro (South Moravian Programme) Fellowship: it has received a financial contribution from the 
European Union within the Seventh Framework Programme (FP/2007-2013) under Grant Agreement No. 
229603, and is also co- financed by the South Moravian Region. 

2 Algebraic preliminaries 



This section is largely a down-to-earth application of the theory of parabolic Lie algebras given in |CS09j . 
Other useful references on parabolic geometry and representation theory are [BE89,FH91j . 

Let (V,g) be a {2m + e)-dimensional complex vector space, where e S {0,1}, equipped with a non- 
degenerate symmetric bilinear form g : V x V —)' C If [/ is a vector subspace of V, we shall denote its 
orthogonal complement with respect to g by U'^, and its dual by U* . Fix an orientation for (V, g), and denote 
by * the Hodge duality operator on the exterior algebras /\* V and /\* V*. The group of automorphisms of 
V preserving g of determinant 1 is the complex special orthogonal group SO(2r7i + e, C). It will be denoted 
G for short, and its Lie algebra so (2m -I- e, C) by q. 

Definition 2.1 A null structure on {V,g) is a maximal totally null subspace N of V, i.e. 

{0}CN CN^ CV, (2.1) 

where dim N = m. 
There are notable differences between the even- and odd-dimensional cases, which we state as a lemma. 

Lemma 2.2 Let N be a null structure. Then 

1. when e ~ 0, N = N-^, and N is either self-dual or anti-self-dual, i.e. for any uj G /\^ N , either 
*a; ^ UJ or *uj = —uj; 

2. when e — l,Nisa proper subspace of N-^, and N^/N is one- dimensional. 
In what follows, we describe the Lie algebra of the stabiliser of the null structure. 

2.1 Graded Lie algebras and parabolic subalgebras 

Even dimensions greater than four (e = 0, m > 2) By Lemma [2.21 we can rewrite filtration (|2.ip in 
the form 

V2 ciV2 c y-2 . (2.2) 



k k 

By convention, one take F 2 = {0} for all fc > 3, and V '^ ^V for all k < —1. The meaning of this notation 
will become apparent in a moment. For dcfinitcness, we also assume, with no loss of generality, that N is 

_i i i 

self-dual. Choose a subspace F 1 C 1^ 2 complementary to T^ 2 , so that setting Vi := F 2 , the vector space 

~2 2 

V can be expressed as the direct sum 

l^ = Vi©F_i. (2.3) 

2 2 

We can then adopt the following arrangement of basis for V and of symmetric bilinear form g 

Assuming m > 2, the Lie algebra g = so(2to,C) can now be expressed as the graded Lie algebra 

fl = 0-i©0o©Bi, (2.4) 

where 

3-1^1(1 q) :ZeMat(m,C),Z = -Z*|, 0i = { (0 q ) : Y e Mat(m, C) , Y 

0° = {(o -X*) :Xe0[(m,C) 

Here, 0((m, C) denotes the Lie algebra of the complex general linear group GL(77i, C), Mat(TO, C) the ring of 
all 771 X TO matrices over C, and •* matrix transposition. The Lie bracket is compatible with the grading of 
0, i.e. [0i,0j] C Qi+j for all i,j, with the convention that 0i = {0} for all i > |1|. Further, being a reductive 
Lie algebra, go decomposes as go = 0o^ ©3(flo), where gg" is semi-simple and isomorphic to sl(m, C), and 
3(00) is the centre of 0o and is one-dimensional. In particular, 3(00) contains the element 

and we see that the adjoint action of E on g is given by Ad(E)(X) — iX for all X € g^, and any i S { — 1,0, 1}. 
For this reason, E is referred to as the grading element of g. The grading on g induces a filtration g^ C g*^ C 
g^^ ~ g on g, where g' := g^ © . . . © gi. Setting p := g°, we see that p preserves the filtered Lie algebra 
(g, {g*}). The Lie algebra p is an example of a parabolic Lie suhalgebra of 5o{2m, C). The above description 
is also referred to as a standard parabolic Lie subalgebra, and any parabolic Lie subalgebra preserving a 
self-dual null structure must be S0(2m, C)-conjugate to it|l| 

It is now apparent that our choice of notation for the filtration (|2.1|) is justified by the fact that E also 
induces the grading p.3p on V ^ since for any element v 6 T^i, one has E • v = iv. In particular, the filtration 
(j2.1[) is p-invariant. 

On the other hand the grading (|2.3I) is only invariant under go, not p. We can nonetheless define the 
associated graded vector space gr(T^) to {V, {V^}) by gr(V') :— 0,j(gri(^)) where grj(T^) :— V^ /V^^^ , which is 
clearly p-invariant. Restricting the natural projections tt^ : t^* -^ S^i{^) to Vi, one then obtains isomorphisms 
Vi = grj(F), and thus an isomorphism gr(y) = V . 

Remark 2.3 The stabiliser of an anti-self-dual null structure can also be described in terms of a standard 
parabolic Lie subalgebra of so (2m, C). It is however not S0(2to, C)-conjugate to the parabolic Lie subalgebra 
preserving a self-dual null structure as given above. Nonetheless, they enjoy the same properties, and the 
distinction between these two Lie algebras will not be crucial to the applications covered in this paper - the 
notation in the anti-self-dual case mirrors that introduced above for the self-dual case. The situation in four 
dimensions is slightly different as we shall see presently. 



^ These definitions are usually given in terms of the root sy stem o f a semi-simple Lie algebra. This is not needed for the 
purpose of the present article, and we refer the reader to IBE89llCS09l for a more thorough treatment. 



Four dimensions {e = 0, m = 2) The Lie algebra so(4,C) can also be described in terms of the grading 
(|2.4p . However, unlike so(277i,C) for m > 2, so(4,C) is not simple, but splits into a self-dual part and an 
anti-dual part, each isomorphic to sI(2,C), and which we shall denote by "^g and ~g respectiveljo- The 
stabiliser of a self-dual, respectively, anti-self-dual null structure will then be a parabolic subalgebra of "'"g, 
respectively, ~g. Assuming that N is self-dual as above, and using the setting of the previous section, the 
Lie algebras +g and ^g are given by +g = ^fl-i © "'"flo © ^0i and ~q = gg* respectively. Here, we have set 
^01 := fill ^0-1 '■= 0-1 and +00 := 3(0o)- Setting +g* :== +gi © ... © +0i for each i, we obtain the induced 
filtration +0^ C +0*^ C '''0""'^. Then, we see that both (+0, {+0*}) and the filtration (12. ip are preserved by the 
parabolic Lie subalgebra p :— +0°. A similar filtration can be derived on ^0 with respect to the parabolic 
Lie algebra preserving an anti-self-dual null structure. 

Odd dimensions (e — 1) By Lemma [2.21 the filtration (|2.ip can be rewritten in the form 

1/2 ^ 1/1 C y° C V'^ , (2.5) 

and we set V'^ = {0} for all k > 2, and V'^ = V for all fc < — 1 for convenience. This notation will be 
justified in the same way as in the even-dimensional case. As before, to describe the Lie algebra preserving 
this filtration, we introduce subspaces Vi d V^ complementary to V^+i, for i ~ —1, 0, with Vi = V^, so that 

T/ = Fi © Vb © t^-i . (2.6) 

If one adopts the following arrangement of basis for V and of symmetric bilinear form g, adapted to this 
direct sum 



V"i = < : u e C" V , Vq= < \o\ -.vecy , F_i = n w : w e 
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the Lie algebra = so (2m + 1, C) can be expressed as the graded Lie algebra 

0=0-2© 0-1 © 00 © 01 © 02 , 

where 

^0 Y 0\ 

Q2= { \0 : Y e Mat(m, C) , Y = Y* } , q^ ^ { \ o|:Ug 

^0 0/ 

^x o^ 

-X* I : Xe0[(m,C) 
0, 

'O o\ 

Z :Z GMat(TO,C), Z = -Z* )• , 0-i = "( | V|:Vg 

.0 oj 

The Lie bracket is compatible with the grading of 0, with the convention that Qi = {0} for all i > |2|. Again, 
00 decomposes as 0o — Qq'' ©3(00), where Qq'^ is semi-simple and isomorphic to s[(m, C), and 3(00) is the 
centre of 0o and is one-dimensional. In particular, 3(00) contains the grading element 
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^Here, self-duality is defined via the standard identification so{2m, C) = /\ V. 



of g since Ad(E)(X) = iX for all X G g^, and any i. The grading on g induces a filtration of Lie algebra 
g^ C 0"^ C 0° C g^^ C g^^ = g, where g* := g^ © . . . © gi. Again, setting p := g", we see that p preserves the 
filtered Lie algebra (g, {g*})- It is a standard parabolic Lie subalgebra of so{2m + 1, C), and the stabiliser 
of any null structure is S0(2m + 1, C)-conjugate to it. We also note that our choice of notation for the 
filtration (|2.5|) reflects the grading (I2.6P of E on V. It is then straightforward to show that the filtration 
(|2.5p is invariant under p. 

As in the even-dimensional case, one can define associated graded vector space gr(F) to {V^IV^}) by 
gr(F) :— ©j(gri(V^)) where gT^{V) :— V^ /V^~^^. A choice of grading on V then allows one to establish an 
isomorphism gT{V) = V. 

2.2 Induced filtered vector spaces 

Any filtration {V^} on a vector space V induces a filtration {(V^*)*} on its dual V* , whereby each vector 
subspace {V*y is the annihilator of V^~^. Further, the associated graded vector space gr(F*) is then such 
that gr,(F*) = (gr_,(F))*. Thus, the fihrations dual to fihrations ^^ and ((2^ are 

iv*)2 c (v*)^ c {v*)-^ = V* , {v*f c iv*y c {v*y> c (v*)-^ == V* , 

in even and odd dimensions respectively, and V^ = {V*y for each i, by means of g. 

Similarly, given two filtered vector spaces (F, {1^*}) and {W, {W^Y), one can naturally define a filtration 
{{V ig) W)''} on their tensor product T^ W by setting 

{V ® W)^ := y* (g) W^ , 

and the associated graded vector space gr{V ® W) is such that gr;,(F ® W) = 0,;^ j^;. S^ii^) ® gi'j(I^)- 
Another useful property of filtered vector spaces is that if t/ is a vector subspace of a filtered vector space 

{V,{V'}), then U inherits the fihration {V} oiVhy setting [/' := f/ n F\ 

In all of these constructions, the fihrations and the associated graded vector spaces induced from a 

given p-invariant filtered vector space (V, {1^*}) are also p-invariant. Further, the choice of a grading on V 

compatible with its filtration will also induce gradings on the dual vector space and tensor products. 



Remark 2.4 It is often more convenient to view the fihrations (|2.2p and (|2.5I) as representations of p in 
even and odd dimensions respectively. Typically, one starts with a representation V^ of g, which for simplicity 
we may assume to be irreducible. In the case at hand, V is simply the standard representation of g. Then, 
one can obtain a filtration {V^} on V where each subspace V^ is a p-invariant subspace of V. It turns 
out that the associated graded vector space gr{V) can be viewed as a refinement of the filtration {V^} in 
the sense that each grj(F) := V^ /V^^^ is a completely reducible p-module, and each irreducible component 
can be described in terms of an irreducible gg^-module. This analysis clearly extends to dual and tensor 
representations. 

2.3 Parabolic subgroups 

The passage from the Lie alg ebra g and its parabolic Lie algebra p to their respective Lie groups G and P is 



explained in details in [CS09] . In general, having fixed a complex Lie algebra g and a parabolic Lie subalgebra 
p, there will be some choice of possible Lie groups with Lie algebras g and p. For our purpose, it suffices to 
choose G to be the connected Lie group S0(2to -I- e,C), in which case there is only one possible choice for 
P obtained by exponentiating p. It can also be described as follows. We first conveniently define a group 
Go with Lie algebra go, which will be GL(?7i,C) in the case at hand. Then, writing p+ := gi, respectively, 
p+ := gi ® g2, when e = 0, respectively, e = 1, one has a diffeomorphism Go x p+ — >■ P : (go, Z) i-^ go exp(Z). 
The Lie subgroup P is appropriately called a parabolic subgroup of G, and the Lie subgroup Go is referred 
to as the Levy subgroup of P. 



Finally, in our case, the p-invariant filtrations and associated graded vector spaces will all give rise to 
P-modules, i.e. irreducible representations of p will exponentiate! to irreducible representations of P. 

3 The geometry of almost null structures 

Throughout A^ will denote a (2m + e)-dimcnsional complex manifold A^, where e G {0, 1} and m > 2. We 
shall essentially be working in the holomorphic category. Thus, TA^ and T* M. will denote the holomorphic 
tangent bundle and the holomorphic cotangent bundle of M. respectively. If £■ — > A^ is a vector bundle over 
M, the sheaf of holomorphic sections of E will be denoted T{E). If E and F are vector bundles, E ® F 
will denote the tensor product of E and F, /\ E, the fc-th exterior power of E, Q E, the fc-th symmetric 
power of E. The Lie bracket of (holomorphic) vector fields will be denoted by [•, •]. We shall also assume 
that M is orientable, and the Hodge operator on differential forms will be denoted by *. When e = 0, its 
restriction to r(/\™ T*A^) is an involution, i.e. *^ = 1, and the +1- and — 1-eigenforms of * will be referred 
to as self-dual and anti-self-dual respectivelyQ 

We shall equip A4 with a holomorphic metric g, i.e. a non-degenerate global holomorphic section of 
Q T*A^, and the pair {M,g) will be referred to as a complex Riemannian manifold. Equivalently, the 
structure group of the frame bundle T over A^ is reduced to G := S0(2to + e, C), and the tangent bundle 
can be constructed as the standard representation of G, i.e. TA1 := J' Xq V where V is the standard 
representation of G. The fc-th tracefree symmetric power of the tangent bundle and the cotangent bundle 
win be denoted by Q^' TM and Q^' T*M respectively. 

The holomorphic tangent bundle admits a unique torsion-free connection, the (holomorphic) Levi-Civita 
connection, which preserves the holomorphic metric; it will be identified with its associated covariant deriva- 
tive V : r(TA1) ® r(TA^) -^ r(TA^), and it extends to a connection on sheaves of holomorphic sections of 
tensor products of TA^ and T*M. 

The (holomorphic) Riemann curvature tensor R : r{/\^TM) ® r(TX) -^ T{TM) associated to V is 
given by 

RxAY ■ Z := VxVyZ - \7yS7xZ - V[x,y]-^ , 

for all X,Y, Z £ r(TA^), and extends to sheaves of holomorphic sections of tensor products of TA^ and 
T*A^. This induces a section of r(0^(A^ T*M)), also denoted R, via 

R{X, Y, Z, W) = g{RxAY ■Z,W), 

for all X,Y, Z,W G r(TA^), which satisfies the Riemann symmetry 

R{X, Y, Z, W) + R{Y, Z, X, W) + R{Z, X,Y,W)=0. 
The Riemann tensor naturally splits as 

R{X, Y, Z, W) = C{X, Y, Z, W) 

- g{X, Z)P{Y, W) + g{X, W)PiY, Z) + g{Y, Z)P{X, W) - g{Y, W)P{X, Z) , (3.1) 

where the Weyl tensor C is the tracefree part of i?, and the Rho tensor P is a trace-adjusted Ricci tensor. 
The Cotton- York tensor is the 2-form valued 1-form A defined by 

A(X, Y, Z) := VyP(Z, X) - VzP(l", X) (3.2) 

for ah X, r, Z G r(TX). Since P is symmetric, A is in the kernel of A : T*>[ ® f\^ T*M -^ /\^ T*M. 



^This is not true in general: there is a condition on the coefficients of the highest weight vector of an irreducible representation 
of a parabolic subalgebra to be satisfied [BE89 . 

*This choice of eigenvalues is always possible in the complex category. 



Finally, we shall express the Bianchi identity in terms of the covariant derivative of the Weyl tensor and 
the Cotton- York tensor as 

(VxC)(Y, Z, S, T) + (VvC)(Z, X, S, T) + {\7zC){X, Y, S, T) = 

- g(X, S)A{T, F, Z) - g{Y , S)A{T, Z, X) - g{Z, S)A{T, X, Y) 

+ g{X, T)A{S, Y, Z) + g{Y , T)A{S, Z, X) + g(Z, T)A{S, X, Y) , (3.3) 

for all X,Y, Z, S,T G T{TM). Taking the trace of equation (|3.3p yields the contracted Bianchi identity, 
from which one can deduce that the Cotton- York is the divergence of the Weyl tensor, and thus must be 
tracefree. 

It will be convenient to view the Weyl tensor and the Cotton- York tensor as sections of the bundles 

C:^Q\f\T*M), A:=T*MQof\T:*M, (3.4) 

where 0o should be understood as reflecting the symmetry properties of the Weyl tensor and Cotton- York 
tensor. For this reason we may refer to C and A as the bundles of tensors with Weyl symmetries and 
Cotton- York symmetries respectively. When 2m -f e > 5, these bundles are irreducible G-modules, i.e. 
C ^ F Xg C and A = T xq A, where C and A are irreducible G-modules. When m — 2, e — Q, under 
so(4, C) = s[(2, C) X s((2, C), the bundle of 2-forms splits into a self-dual part and an anti-self-dual part, and 
accordingly the bundles C and A split into self-dual parts +C and +^, respectively, and anti-self-dual parts 
~C and ~A, respectively. 

3.1 Almost null structures and classifications of the Weyl tensor and Cotton- 
York tensor 

This section is a translation of the algebraic setup of sect ion [2] into the language of vector bundles. More 



detailed background information can be found in |CS09| although their approach focuses essentially on 
Cartan geometries. 

Definition 3.1 An almost null structure on (A^,^) is a holomorphic distribution M of maximal totally 
null planes on A^, i.e. a holomorphic subbundle of TM. such that at every point p of A^, the fiber Mp is 
a maximal totally null subspace of the tangent space TpA^ of M. at p, and Np is spanned by holomorphic 
vector fields in a neighbourhood of p. 

We say that the almost null structure M is integrable in an open subset 14 oi Ai ii the distribution A/", and 
in odd dimensions, its orthogonal complement J\f^ are integrable in U, i.e. at every point p e W, the fibers 
J\fp, and in odd dimensions, A/jf" are tangent to leaves of foliations of dimensions m and m + 1 respectively. 
An integrable almost null structure will be referred to as a null structure. 

From the above definition, we shall essentially regard an almost null structure as a filtration of holomor- 
phic vector subbundles 

McJV CJV^ CTM, (3.5) 

where A4 should be regarded as the zero vector bundle. The structure group of the frame bundle J-' ^ Ai 
is then reduced to P, the parabolic subgroup preserving the filtration (|3.5p . as described in section [221 One 
can in fact think of the almost null structure as being modeled on the filtration of vector spaces (|2.ip . For 
this reason, we can apply the notation of section [2] to vector bundles. In particular, using the constructions 
of section [2?2l this time in terms of vector bundles, we will give P-invariant classifications of the Weyl tensor 
and the Cotton- York tensor, generalising the four-dimensional Petrov classification. 
Before delving into this, we restate Lemma 1^?^ in the vector bundle format. 

Lemma 3.2 Let Af be an almost null structure on (A4,g). Then 



1. when e = 0, f\f = M^ , and J\f is either self-dual or anti-self-dual; 

2. when €~l,J\fisa proper subbundle of Af , andJ\f/M is a rank-one vector bundle. 

Remark 3.3 As already noted in Remark |2.3[ whether an ahiiost nuU structure is self-dual or anti-self-dual 
will not be of major significance except in four dimensions, and for the remainder of the article, we shall in 
general make no assumption regarding the self- or anti-self-duality of the almost null structure. 

Even dimensions greater than four (e = 0, m > 2) By Lemma [221 A/" — N"-^, and one can rewrite the 
filtration (13.51) as 

V2 c V2 c V"2 , (3.6) 

k k 

and we set V 2 = M for A: > 3, and V2 = TA^ for fc < — 1 for convenience. The associated graded vector 
bundle is gr(TX) = gri (TX) ©gr_ i (TX) where gT^{TM) := VVV'+^ One can assign a grading on TM 

2 2 

adapted to TV, 

TM = Vi® V_ 1 , (3.7) 

2 2 

_1 1 

by choosing a vector subbundle V j_ C V 2 complementary to Vi :—V^. This can be viewed as making 

~2 2 

a choice of frame adapted to the almost null structure. The natural projection V* -^ grj(TA^) establishes 
isomorphisms Vi = grj(T7W), and thus TM ^ gr(T7W). 

It is now a simple matter to apply the discussion of section 12.21 in the context of the filtration p.6p , 
based on the remark that the bundles C and A defined in p.4p are subbundles of 0'^T*A1 and ^^T*M 
respectively. Thus, when to > 2, they admit the respective filtrations, 

M=C^ cC^ cC^ cC" cC-^ cC-^ = C, (3.8) 

5 3 1 _1 _3 

X=^2C^2C^2C^ 2 C A 2=^, (3.9) 

with respective associated graded vector bundles 

gr(C) = gr2(C) e gri(C) ® gro(C) ® gr_i(C) ® gr_2(C) , (3.10) 

gr(^) :=gr3(^)©gri(^)©gr_i(^)©gr_3M), (3.11) 

2 2 2 2 

where grj(C) := C'^/C^^^, grj(^) := A^ /A^^^ for each i,j. A choice of frame adapted to JV induces gradings 
on C and A, 

C = C2©Ci®Co®C_i®C-2, (3.12) 

^ = ^3 ®-4i ffi^_i ®^_3 , (3.13) 

2 2 2 2 

respectively. With this choice, the natural projections C* — > C^ /C^^^ and A^ — > A'^/A'^'^^ establish isomor- 
phisms d = grj(C) and Ai = gi\{A) for each i, and thus C ^ gr(C) and A ^ gr(.4). 

Four dimensions {e = 0, m = 2) In four dimensions, and assuming the almost null structure to be 
self-dual, one obtains filtrations on +C and '^A 

M^+C^ C +C^ C +C^ C +C° c +C-^ C +C"2 ^ +Q ^ (3 1^4) 

M = +A2 c +A2 c +^2 c +A'2 c +A'2 = +A, (3.15) 



respectivelyO As in the higher dimensions, one also defines associated graded vector bundles gr("'"C) and 
gr(+^), which, on choosing a particular grading (|3.7p . become isomorphic to ~^C and ^A respectively. Similar 
results can be obtained on C~ and A~ ^ when the almost null structure is taken to be anti-self-dual. 

Remark 3.4 In four dimensions, it is well-known that at every point p oi A4, one can always find a maximal 
totally null subspace Afp of TpM such that the self-dual part of the Weyl tensor at that point degenerates to 
+C^^, and this maximal totally null subspace can be extended to an almost null structure in a neighbourhood 
of p. For this reason, if the self-dual part of the Weyl tensor degenerates further to a section of ~^C^, it is 
referreqj to as algebraically special with respect to TV. In fact, the (complex self-dual) Petrov types I, II, III 
and N can easily be defined in terms of the bundles +C~^, +C°, +C^ and +C^ respectively, and similarly for 
the anti-self-dual case. 

Odd dimensions (e = 1) This is very similar to the previous case except that now. A/" is a proper 
holomorphic subbundle of A/""*" . Thus the filtration (|3.5p can be rewritten as 

V^ C V^ C V" C V-^ , (3.16) 

and we set V'^ = A^ for fc > 2, and V'' — TM for fc < — 1 for convenience. The associated graded vector 
bundle is gr(TX) = gri(TX) ® gro(TX) © gT_^{TM) where gr,(TA4) := VyV'+^. One can assign a 
grading on TM adapted to TV, 

TX=Vi©Vo®V_i, (3.17) 

by choosing vector subbundles Vi C V* complementary to Vj+i with Vi :— V^. This can be viewed as making 
a choice of frame adapted to the almost nuh structure. The natural projection V* — > grj(TTW) establishes 
isomorphisms Vi = grj(TA^), and thus TM = gr(TTW). 

Again, from section [521 the filtration (|3.6p induces filtrations on the vector bundles C and A, 

M=C'^ CC^CC^ C.CC-^ CC-^^C, (3.18) 

M = A^cA^ciA^c...cA-^cA-^^A, (3.19) 

respectively, with associated graded vector bundles 

gr(C) = gr4(C) ® gr3(C) . . . ® gr_3(C) © gr_4(C) , (3.20) 

gr(^) = gr3(^) © gr2(^) © ... © gr_2(^) © gT^siA) , (3.21) 

respectively, where grj(C) := C^/C^^^, gr (^) := A^ /A^^^ for each i,j. A choice of frame adapted to TV 
induces gradings on C and A, 

C = C4 © C3 © . . . © C_3 © C_4 , (3.22) 

^ = ^3 ® ^2 ® • ■ • ® A-2 © ^-3 , (3.23) 

respectively, which allow one to establish isomorphisms Ci = gi'i(C) and Ai = gT^iiA) for each i, and thus 
C^gr(C) andA = giiA). 

Remark 3.5 In even and odd dimensions greater than four, the (pointwise) existence of an almost null 
structure with respect to which the Weyl tensor degenerates to a section of C~^ and C~^ respectively, is 
not guarranteed in general. While the use of the terms 'algebraically special' to describe a Weyl tensor 
degenerating to a section of C" may then not be entirely appropriate, such a Weyl tensor nonetheless enjoys 
some 'special' status regarding the geometric property of the almost null structure TV as will be seen in 
section H) 

I 3 I ~ _ _l _ 

^One also gets a filtration M = A^ C A^ C A 2 = ^011 A, which we shall not need however. 

^This is usually formulated in terms of a spinor field ^, say, which defines Af, and the terminology 'with respect to Af' is 

then replaced by 'along ^'. 
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Remark 3.6 Referring back to Remark l2.4[ we can view each of the vector bundles C* and A^ as p-modules 
(or P-modules at the Lie group level) , and one way to refine the classification is by considering the irreducible 
p-modules in each of the quotient bundles grj(C) and grj(^). This will not be needed in this paper, but will 
be covered in a future publication. 

Tensorial characterisation of sections of C and A When it comes to explicit computations, it is 
somewhat more convenient to describe sections of the bundles C* and A^ by means of the following lemma. 

Lemma 3.7 Fix k £ Z, k > —537; ^ G Z+i^, £ > — j^- When m = 2, e = 0, assume that Af is self-dual, 
and write C and A for +C and '^A respectively. Let C G r(C) and A G r(^). Then, 

C G T{C^) <^ C{X,„X,.,,X,.,,X,^) = 0, for all X,^ G r(V*0 such that J^j «j = 1 - k, 

A G T{A'^) ^ A{Xi, , Xi^ , X.,3) = , for all Xi^ G r(V^^ ) such that J^j «j = 1 - i, 

where ij G Z, \ij\ < ^-^ for all j — 1, ... , 4. 

The above characterisation can be proved immediately from the fact that the bundles C and A are subbundles 
of ^* T*M and (^^ T*M respectively, and (V*)* is the annihilator of V^^' for each i. 

3.2 Geometric properties 

Let (M, g) be a {2m + e)-diniensional complex Riemannian manifold, where e G {0, 1} and m > 2, endowed 
with an almost null structure J\f. In the following discussion, we shall generally treat both the even- and 
odd-dimensional cases at once, bearing in mind that in the former case A/""*" = Af, so that there will be some 
redundancy in the properties presented. When some distinction needs to be made, the notation of section [3] 
together with e will be used. 

Theorem 3.8 (Probenius) A necessary and sufficient condition for an almost null structure M to be in- 
tegrable is that it is involutive, i.e. 

[x,Y]er{JV), [S,T]er{Af^), 

or equivalently, 

g{S,[X,Y])^Q, g{X,[S,T])=Q, (3.24) 

for all X,r G r(7V) and S,T e r{Af-^). 

The integrability of TV in some open subset U gives rise to a foliation oiU by maximal totally null leaves. 
In odd dimensions, U is also foliated by leaves of dimension m + 1. In both cases, these leaves are totally 
geodetic, in the sense given by the next lemma. 

Lemma 3.9 The almost null structure J\f is integrable if and only if 

g(X,VyZ)=0, g(F,VxZ)=0, (3.25) 

for all X G r{JV^), Y,Z e r{jV). 

Proof. Let X G r(7V^), Y,Z E r(7V), and suppose that the distributions TV and 7V^ are integrable. Then, 
using the defining properties of the Levi-Civita connection, 

g{X, VyZ) = i {g{X, VyZ) - g{X, V zY) - g{Z, VyX) + g{Z, VxY) - g{Y , VxZ) + g{Z, VzX)) 

= 1 {g{X, [Y, Z]) + g{Z, [X, Y]) + g(Y , [Z, X])) - , 

by equations (|3.24p . and similarly for g{Y , VxZ). The converse is obvious. D 
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Remark 3.10 There is an alternative way of characterising the integrability of the almost null structure, 
which mirrors a procedure introduced in [ GH80[|FFS94j in almost Hermitian geometry. We note that the 
almost null structure M can be representee^ by a single, up to scale, tensorial object a; e T{/\'^ Af*). It 
thus makes sense to measure the failure of the Levi-Civita connection to preserve u), or equivalently, to be 
a p-valued 1-form on 7W. In even dimensions, the geometric properties of A/" can then be encoded by the 
P-invariant differential equations 

\/xu} = a{X)u}, (3.26) 

for some 1-form a, and for all X G r(V*) for some i £ { — 5, 5}- In particular, taking i = ^ gives the 
integrability of J\f. In odd dimensions, the geometric properties of J\f can be encoded by the P-invariant 
differential equations 

yxi^ = a{X)u), VYi*i^)= l3iY)u;Aj, (3.27) 

for some 1-forms a, (3 and 7, and for all X G r(V*), Y G r(V-') for some i,j G { — 1,0, 1}. In this case, the 
integrability of M (and M^) is given by taking i = 1 and j — 0. 

Integrability condition The existence of a null structure A/" on A4 is subject to an integrability condition 
on the Weyl tensor as given by the next proposition. 

Proposition 3.11 Suppose M is a null structure. Then, in dimensions greater than four, the Weyl tensor 
is a section of C^^^'^. In four dimensions, assuming J\f is self-dual, the self-dual part of the Weyl tensor is 
a section of ^C^^ . 

Proof Let X G r(A/'^), Y,Z,W e r{J\f). We shall show that 

C{W,X,Y,Z) = 0, (3.28) 

which, by Lemma 13.71 is equivalent to the claim of the proposition. We start by differentiating cither of 
relations (j3.25p . so for definiteness, we have 

= Ww{g{Y, WxZ)) = g{WwY, VxZ) + g(Y, VwVxZ) = g{Y, Vw^xZ) , (3.29) 

by equation (|3.25p again. Now, from the definition of the Riemann tensor, we have 

RiW, X, Y, Z) = giY, Vw^xZ - Vx^wZ - V[w,x]Y) = , 

by equations (|3.29p and (|3.25p together with Lemma 13.91 The splitting of the Riemann tensor p.ip now 
establishes equation (|3.28[) . Further, when 2m + e = 4 and J\f is assumed to be self-dual, equation p.28p 
is always trivially satisfied on restriction to the anti-self-dual part of the Weyl tensor, and so must be a 
condition on the self-dual part of the Weyl tensor D 

3.3 Null basis and its associated canonical almost null structures 

So far the discussion has been expressed invariantly, with no reference to any particular frame, but at this 
stage, it is convenient to introduce some notation tied up to a choice of frame adapted to a null structure. As 
before (A^,^) will denote a (277i-|-e)-dimensional complex Riemannian manifold where e G {0, 1}, and to > 2, 
and A/" an almost null structure on A4. We first note that choosing a (local) grading (j3.7p . respectively p.l7[) 
of the tangent bundle, when e = 0, respectively e = 1, is really tantamount to choosing a frame adapted to 
J\f. When e = 0, this (local) frame will be denoted 



I^M'^i^Im, t' = 1,...,to| 



^This can also be formulated spinorially. 
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where {^^} and {^/i} span Vi and V i respectively. When e = 1, it wih be denoted 

2 ^2 

|^a"^£>'^o|m, t' = l,...,m| , 

where {^p}, {^o} and {^/i} span Vi, Vo, and V-i respectively. In both cases, the frame vector fields will be 
taken to satisfy the normalisation conditions 

The corresponding coframes will be denoted 

{0^r|/i,^> = l,...,m} , [e'^,e',e"\^l,i> = l,...,m] , 

when e = and e = 1 respectively, and where ^^-lO" — 6'^, $,ji-id'^ — ^^, 6-i^" = 1, and all other pairings 
vanish. In particular, the metric takes the canonical form 

771 

9 = 2^ 0^0 0'^ + 60" 0". (3.30) 

With this convention, we shall denote the components of the tensors with respect to these frame and co-frame 
in the usual way, i.e. if A is a tensor field, then its components are given by, e.g. 

^''°'- V..0. :- ^(e^ ^^ ^^ • ■ • > ^^ ^A, i~p, . . . , 6, 6) , 

and so on. 

For future use, we introduce the following notation for the components of the connection 1-form 

r„^7. - g{^iA^..iu) , r^^p := s(v«,^p,|p) , r^^^ := g(v«„|^,|p) , 

and so on, in the obvious way. Since the Levi-Civita connection preserves the metric, these components are 
skew-symmetric in their last two indices. 

Canonical almost null structures For convenience, let S := {1,2, . . . ,m}, M C 5, and M := S\ M. 
Then, having chosen a null frame as above, for every 2™ choice of M, one can canonically define almost null 
structures 



Mm '■= span -^ $^, ^£; : for ah ^i e M, i> e M> 



That these are maximal totally null is clear from the form of the metric p.30p . In particular, Af = Afi...m- 
For future use, we shall denote 

Bs := {Mm ■■ for all M C 5} , 

the set of all canonical almost null structures on (an open subset of) Ml . 

Remark 3.12 In the above notation, the spinor bundle /\ M is locally spanned by the 2™ simple m- vectors 
^M '■= ^iii /\ ■ ■ ■ /\ ^fj, where p is the cardinality of M - when Af is empty, we write ^o for the unit scalar field 
spanning /\ TV. In fact, each ^i\i is a pure spinor field, in the sense that it annihilates the corresponding 
canonical null distribution Mm via the Clifford action |Car81[[BT89) . 
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4 The Goldberg-Sachs theorem 

We begin by restating the Goldberg-Sachs theorem as generalised by Kundt- Thompson [KT62| and Robinson- 
Schild |RS63) . The formulation, closely following JPR86) , is adapted to the language of section [3] . 

Theorem 4.1 (Generalised Goldberg-Sachs Theorem) Let{A4,g) be a four- dimensional complex Rie- 
mannian manifold. Let M he a self-dual almost null structure on {Ad,g), and lA an open subset of Ai. 
Consider the following statements 

1. the self- dual part of the Weyl tensor is a section of'^C'' overlA which does not degenerate to a section 
of+Ck+-L overU; 

2. the almost null structure J\f is integrable in lA; 

3. the self-dual part of the Cotton-York tensor is a section of '^ A 2 over lA. 
Then, 

(a) /or fc = 0, 1, 2, (HD 6/ © => ©; 
(h) /or fc = 0, 1, 2, (HD 6/ © =^ @; 
('cj /or fc = 0, © 6/ © ^ dH) ' := dH with fc = or 1 or 2. 

Remark 4.2 An anti-self-dual version of Theorem 14. II coexists with it. 

The proof of each of the implications (jaj), (|b|, (jcj) of the theorem is essentially based on the (self-dual) 
contracted Bianchi identity. It is usually carried out as a local computation using a local null frame adapted 
to TV, e.g. in the Newman-Penrose formalism, or more invariantly in terms of spinor fields. The assumption 
on the Cotton- York tensor can also be replaced by an assumption on the Rho tensor in implication (jgj). 
We also note that implication (jl{ is really an integrability condition on the Cotton- York tensor given some 
algebraic condition on the Weyl tensor. 

In higher dimensions, a putative Goldberg-Sachs theorem would take the same form as Theorem 14.11 
except for the fact that self-duality has now no place there, and in odd dimensions, one has additional 
degeneracy classes. Let's examine each implication in turn. 

• Implication (jlj) presents no difficulty, and follows directly from the definition of the Cotton- York tensor, 
in terms of the contracted Bianchi identity, for which we give an invariant expression in terms of an 
almost null structure below. 

• To prove implication (|b| in four dimensions, we first note that each summand +C^ l+C^+'^ of the graded 
vector bundle associated to the filtration p.l4p is one-dimensional. This means that the property that 
the Weyl tensor is a (local) section of C*"', but does not degenerate to a section of C^^^^, depends on a 
single non- vanishing component of the Weyl tensor in a frame adapted to A/". 

In higher dimensions, the bundles C'^/C'^^^ are not one-dimensional in general, and it is no longer 
enough to assume that the Weyl tensor, as a section of C*"', does not degenerate to a section of C'^^^. 
For this reason, we must introduce a genericity assumption, which must be understood in the sense 
that there are no additional structures imposed on M beside the almost null structure. As a result, 
the components of the Weyl tensor, modulo Weyl symmetries, do not satisfy algebraic relations among 
themselves. It is also worth noting that unlike in four dimensions, the full Bianchi identity is now 
required in the proof of implication (jb]) : the contracted Bianchi identity alone does not provide enough 
constraints on the relevant connection components. 
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• Finally, one can already assert that implication (jcj) fails in higher dimensions. Indeed, based on the 
computations of [TCllj , one can complexify a small region of the Lorentzian black ring solution |ER02| , 
and show that it locally admits (holomorphic) null structures|f| However, the Weyl tensor does not 
degenerate to a section of C". The author is aware of at least one other counterexample to implication 
(jg) in higher dimensions, the complexification of the five-dimensional Euclidean black hole metric 
discovered in iLMPOO] . 

Remark 4.3 Not covered in Theorem 14.61 is the case when {A4,g) is conformally (half-)flat, i.e. the self- 

5 

dual part of the Weyl tensor and the self-dual part of the Cotton- York tensor are sections of ~^C and +„43 
respectively. If one is concerned in finding a null structure in this case, the appropriate alternative is to 
appeal to the Kerr theorem, which states that any (local) null structure on a conformally (half-)fiat complex 
Riemannian manifold (M , g) can be prescribed by a holomorphic projective variety in its twistor space 
|PR86) . Consequently, {A4,g) admits (locally) infinitely many self-dual null structures. The same remark 
applies in higher dimensions |IIM88| . 

We treat the even- and odd-dimensional cases separately. Before we proceed, we give an expression for 
the Cotton- York tensor in terms of the contracted Bianchi identity. 

Lemma 4.4 Let {M,g) be a {2m + e)- dimensional complex Riem,annian manifold where e G {0,1} and 
m > 2. Then the defining equation of the Cotton- York tensor (j3.2p is equivalent to 

{3-2m + f)A{X,Y,Z) = 

5](V|^C(^„X,r,Z)-C(^„V^-^X,r,Z)-C(^„X,V|^F,Z)-C(^,,X,y,V^~^Z) 



+ V«„C(^s, X, Y, Z) - C{i^, V«„X, Y, Z) - di^, X, V«„r, Z) - C{i^,X, Y, V«^Z) 

+ e (V«„C(|o, X, y, Z) - C(Co, Ve,X, Y, Z) - C{i^,X, Ve,F, Z) - C(Co, X, F, V«„Z)) , (4.1) 

for all X,Y,Z G T{TA4), where {^;^,^/i, e^o} *■? o, null basis as described in section [S. 3[ 

4.1 The complex Goldberg- Sachs theorem in even dimensions 

We start with the even-dimensional generalisation of implication (|b|) of Theorem 14. 1[ which is an application 
of Lemma [3.71 to equation (|4.ip with e = 0, together with the geodesy property 



Proposition 4.5 Let {A4,g) be a 2m- dimensional complex Riemannian manifold, where m>3. Let Af be 
an almost null structure on A4, andlA an open subset of A4. Let k G {0, 1,2}. Suppose that the Weyl tensor 

is a section of C over 14. Then the Cotton-York tensor is a section of A 2 over U . Suppose further that 

J\f is integrable inU. Then the Cotton-York tensor is a section of A 2 overU. 

Next, the even-dimensional generalisation of implication (|b| of Theorem 14. II can be expressed as follows. 

Theorem 4.6 Let {Ai,g) be a 2m- dimensional complex Riemannian manifold, where m>5. Let J\f be an 
almost null structure on A4, and U an open set of Ai. Let k G {0, 1,2}. Suppose that the Weyl tensor is a 
section of C^ overU, and is otherwise generic. Suppose further that the Cotton-York tensor is a section of 

A 2 over lA. Then TV is integrable in lA. 



^These are the complexification of the original null structures on a Lorentzian manifold, as explained in section [5.4.31 
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Proof. This is essentially a local computation. Choose a local frame {^/j,C/i} over U adapted to JV, as 
described in section [331 Such a choice induces the local gradings p.l2p and (|3.13p on the bundles C and A 

respectively. The condition that the Weyl and Cotton- York tensor be sections of C*^ and A 2 respectively 
is equivalent to their components in Ci and A. 1 vanishing for all— 2<z<A; — 1. 

To show that J\f is integrable, we shall make use of the equivalent geodesy condition p.25p . Locally, this 
can be expressed as a condition on the ^m^{m — 1) connection components 



0, 



(4.2) 



for all K, fj,, v. 

The gist of the proof is based on the fact that for each k G {0, 1, 2}, in the local frame, and as a result 
of the algebraic degeneracy of the Weyl tensor and Cotton- York tensor, some of the differential equations 
defined by the components of the Bianchi identity (J3.3I) given in Appendix |^ become algebraic equations, 
which can be viewed as a homogeneous overdetermined system of linear equations on the unknowns r„^^. 
It is however not immediately clear whether these algebraic equations are all linearly independent. Hence, 
the proof will consist in singling out a subsystem of ^m?{m — 1) linearly independent equations on r^^^jy. In 
this case, the only possible solution will be the trivial solution (14. 2p . 

More specifically, for each k e {0,1,2}, we shall be able to choose a subsystem of ^m^{m — 1) linear 
equations which takes the matrix form 



/ K12 * ■ • • 


* 


[ * ... 


K123 

K124 

■ * * * ^7n — 2.rn—1.7n 
> 



( 



rii2 

r 

U123 
Ul24 



^/ii/A 



\ Um-2 



\ 


':\ 












= 


03 




03 




03 


/ 


^03/ 



(4.3) 



or Ku = for short. Here, each entry of the ^m^{m~l) x 1 vector u corresponds to a connection component 
^Ktif ■ Some of these have been arranged in triples in the column vectors 



l/ji^A 




for all K < /Lt < I/. 

On the other hand, each entry of the ^m?{m 



1) X ^m^{m — 1) matrix K will consist of a (constant) 



linear combination of components of the Weyl tensor. Corresponding to the arrangement of the entries of 
u, we have also singled out the matrices K^^ and K^j,^ of dimensions 1x1 and 3x3 respectively, each 
acting on T^^^ and u^^^ respectively. The remaining entries of K have been marked with an asterix *, the 
meaning of which will be clarified in a moment. In fact, from the structure of the matrix K, we will be able 
to show that K is non-singular. This is made clear by the following lemma. 
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Lemma 4.7 Let A, B he two distinct index sets, i.e. A {^ B = {0}, and let {/"jaeA; {5 };3e-B be two 
collections of Junctions overlA. Consider the field of square matrices over U of the form 



K:= 



A21 



\Ap4 



A12 
D2 



D 



*-p,p— 1 



Ai.p \ 



Dp / 



(4.4) 



where for each i, the entries of the block square matrix Dj are polynomials in /" with constant coefficients, 
and for each i ^ j , the entries of A.ij are polynomials in g^ with constant coefficients. Then, the determinant 
of K is given by 

detK = G + D, (4.5) 

where G — G{f°',g^) is a polynomial in /" and gP such that G(f",0) — 0, and D = ]^j(detDi). 
In particular, assuming that 

1. for each i, D^ is non-singular, 

2. the collections {/"} and {5'^} are generically unrelated, in the sense that there are no algebraic relations 
between the functions /" and g^ for all a G A, j3 E B, 

then M is non-singular. 

Proof. Clearly, by definition, the determinant of K is a polynomial in /" and g^ . Hence, we can always write 
det K = G + L», where G = G{f",g'^) is a polynomial in /" and gf^ such that G(/", 0) = 0, and D = D{f°') 
is a polynomial in /". Setting g^ = for all /3 G -B yields detK = D. But K is now the block diagonal 
matrix diag(Di,D2, . . . ,Dp), which has determinant J|j(detDi). Hence, equation (j4.5|) is established. 

Next, from part ([Ij, we have J|j(detDi) 7^ 0. Further, from the genericity assumption ([2]), we have 
G + HildetDi) ^ 0, i.e. K is non-singular. D 

Thus, to prove the theorem for each fce{0,l,2},it suffices to check whether the matrix K of the system 
of equations (|4.3I) satisfies the hypotheses of Lemma 14.71 But it turns out that this is precisely the case: it 
will be seen that the index structure of the components of the Weyl tensor, modulo the Weyl symmetries, 
may be split into two distinct sets A and B such that the hypotheses of Lemma HTTl hold, with 



^ = I n ^A<- ■ n det(K«Ap) 

yti^v I \k<A<p 



(4.6) 



Moreover, one can simply invoke the genericity assumption on the Weyl tensor to deduce the additional 
requirements ^ and ([2]) of Lemma [4.71 It will then follow that the system (|4.3I) is non-singular, and must 
therefore have trivial solution (14.21). 



Remark 4.8 By 'components of the Weyl tensor, modulo the Weyl symmetries', we mean that the compo- 
nents of the Weyl tensor are subject to the Riemman symmetries 

C{X, Y, Z, W) + C{Y, Z, Y, W) + C{Z, X,Y,W)^Q, 

together with the tracefree condition 

Y,{c{$,,,X,i,,Y) + C{i,,X,i,,Y))+eC{i^,X,i^,Y) = 0, 
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for all vector fields X,Y, Z,W G T{TM). A component has an index structure in the indexing set A if 
and only if any other component related to it by a Weyl symmetry also has an index structure in A. In this 
case, no ambiguitjo arises in the application of Lemma 14.71 In particular, one should check that the linear 
combination of the components involved in K^,^ and det(KKAp) do not lead to the vanishing of these scalars. 
This step can be carried out by inspection, and will be left to the reader. 

Case fc = 0: Assume that the Weyl tensor is a section of C° so that 

C,..A-C^,.3. = 0, (4.7) 

for all /i, z/, K, A. Then equations (IA.3I) become 

Here B ~,^^ is merely a short hand for this set of algebraic equations. Now, suppose that the Weyl tensor 

is otherwise generic, and the Cotton- York tensor is a section of ^ 2 . Then the set of equations (|A.3P 
constitutes a homogeneous system of jmj^{m — 1)^ equations on ^m?{m — 1) unknowns. Pick all m{m — 1) 
equations B -^, , and all ^m{m — l){m — 2) equations B ~, ,, which, dropping the Einstein summation 
convention, can be written as 






n = r c -^v c ~ ~ A-V (c~ ~ a- c -"i — r c ~ 

-i~ \ ^ (v c^ A-V c ~ — r c ~ ~ —V (c~~ A^ c ~ -') 4-v c ~ ~\ 

respectively. These sets of equations can be put into the matrix form (|4.3p . by defining, for all k, p distinct, 
and fi < 1^ < X, 



Kfip 


^^KKKK '^ ^^kpKp '^ ^-^ ppKK ' 






^^luX 




f^ A- f^ A~ f^ 
\ uOXX AAAA Ai>Az^ 


C + C A- C 
XXpjl ^ mAmA ^ ^^A^A 




\ 

n ji. c A- C 

Ai^Af Xp,fiX / 



respectively. The latter has determinant 
det(K,,A) = (C_3^^^, + C,,,^) • (C,^,, + C ^,^) • (q^,^ + C,_^^3^) 

+ ^^XXpil + '^mApA + '^AAma) ■ (^P/ii'!^ + '^i^i^i^i^ + C'sAi'm) • (^^.i^AA + ^AAAA + ^APA,. ) ' 

which can be seen to be non-vanishing by the genericity assumption!^ and Kf^^ and K^i^a are thus non- 
singular. Hence, the term (|4.6p is non-vanishing. 

Further, one can check that the components of the Weyl tensor in the entries of Kfj^^ and K^^^z^ have 
distinct index structures from those in the remaining entries of K. Hence, we can apply Lemma 14.71 to 
conclude that K is non-singular, thus establishing condition ()4.2p . 



®There is one notable exception that will be encountered in the odd-dimensional version of the theorem, but the argument 
there can be adapted with no major difficulty. 

^''It may be of concern that the tracefree property of the Weyl tensor could make det(Kp^;^) vanish in principle. But if one 
notes that det(Kj„,;\) depends only on three distinct indices fi, v, A, we see that the only dimension where this issue could arise 
is six. To settle the issue, we expand the determinant and eliminate the dependency of the components of the Weyl tensor by 
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Case fc = 1: Assume that the Wcyl tensor is a section oi C^ so that conditions (|4.7|) hold together with 

C,o.x^O, (4.8) 

for aU /Lt, V, K, A. Then equations (|A.7p become 

Now, suppose that the Weyl tensor is otherwise generic, and the Cotton- York tensor is a section of ^2. 
Then the set of equations (|A.7p constitutes a homogeneous system of ^m'^{m — 1) equations on im^(m — 1) 
unknowns. Pick all ■m{m — 1) equations B^i,;}^^^^ and all 2"^('7i — \){m — 2) equations B^^j^^^fi 

flflU OftKl' fl fin Oft 1^0 '^ UKfl\ OfiUfl UKUk) ^^ fiUK UKKU 

I \ ^ fr r* — r r*- + r r^- _ — r r^~ "i 

~^ / J \ fiva voKV vfia VGKV ~' fiKa vaw VKa va fiv } ' 

a"7^p,f ,K 

These sets of equations can be put into the matrix form (|4.3p . where, for all k, p distinct, and fj, < v < X, 

/ C~~ ~ C~ ~ — C fl \ 

/ UKKU UflUfJ, OkOk \ 

^Kp '■= ^KppK I i^fiUK '■= I " ^kfLfik ^kvkv ~ ^kfik/i I i 



C~ ~ — C~~ c 

'• ^kfiK fiujlu fiOufi 



respectively. The latter has determinant 



which can be seen to be non-vanishing by the genericity assumption!^ and A'p^ and K^j^^ are thus non- 
singular. Hence, the term (|4.6p is non-vanishing. 

Further, one can check that the components of the Weyl tensor in the entries of K^^^ and K^^^zy have 
distinct index structures from those in the remaining entries of K. Hence, we can apply Lemma 14.71 to 
conclude that K is non-singular, thus establishing conditions (|4.2I) . 

Case k — 2: Assume that the Weyl tensor is a section of C^ so that conditions (|4.7p and (|4.8p hold together 
with 

Ga-a = 0, (4.9) 

for all p., V, K, A. Then equations (JA.ISP become 

= ~'^9[ji \\^k\ u]p + 9pk^\fiu - ^px'C^kaiiC' ='■ Bf,op\xk ■ (|A.13|) 



choosing a select few. A judicious choice leads to 



det(K^,^;^) = 

— (C A- O — C -t- AC \ ■ (—C A- O 4 '^C — AC \ ■ (C — C A- C A- C ^ 

By the genericity assumption, this has to be non-vanishing. 

^'^If anything goes wrong because of the tracefree property of the Wcyl tensor, it has to happen in six dimensions. But when 
m = 3, one can check that the determinant simplifies to dctfKm^K) = 9C-- - ■ C- - - ■ C-- - , which is clearly non-vanishing. 
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3 

Now, suppose that the Weyl tensor is otherwise generic, and the Cotton- York tensor is a section of ^2. 
Then the set of equations (lA.lSp constitutes a homogeneous system of ^ra^im — 1) equations on ^m?{m — 1) 
unknowns. Pick all m{m — 1) equations -B/iPi/|,yi>, and all ^m{m — l){rn — 2) equations Bfj^a^^xy 

n — — r c~~ — \^ T c ~ n = — r c ~ ~ \^ r c~~ 

respectively. These can be put into the matrix form (|4.3p . where, for all k, p distinct, and ^, < v < \, 



Kp ■— '^K.pkp I -l^iyA/^ 



c 











c~ 

XfiXfi 











C'_, 



Xi>X' 



respectively. The latter has determinant 

det(K^,,A) = C'^p^i; • C'^^A/i ■ '^PA£>A ' 

which can be seen to be non- vanishing by the genericity assumption, and K^^ and Vi^^x are thus non-singular. 
Hence, the term (|4.6p is non- vanishing. 

Further, one can check that the components of the Weyl tensor in the entries of K^y and K^^^zy have 
distinct index structures from those in the remaining entries of K. Hence, we can apply Lemma 14.71 to 
conclude that K is non-singular, thus establishing conditions (|4.2p . D 



Remark 4.9 In 'low' dimensions it can be checked from the Bianchi identity that the condition of Propo- 
sition 13.111 cannot be sufficient for the integrability of A/". It is however not clear whether this remains 
true in 'high enough' dimensions. In this case the Cotton- York tensor would present no obstruction to the 
integrability of M. 

4.2 The complex Goldberg-Sachs theorem in odd dimensions 

We proceed as in even dimensions. The proof of the odd-dimensional generalisation of implication (jb]) of 
Theorem 14. H is identical to its even-dimensional counterpart. 



Proposition 4.10 Let {M-,g) he a {2m+ \)- dimensional complex Riemannian manifold, where m >2. Let 
J\f be an almost null structure on Ai, andU an open subset of M. Let k G {0,1,2,3,4}. Suppose that the 
Weyl tensor is a section of C'^ over 14. Then the Cotton- York tensor is a section of A^^^ overlA. Suppose 
further that Af is integrable in U. Then the Cotton-York tensor is a section of A^~^ overU. 

Next, the odd-dimensional generalisation of implication (|b]) of Theorem l4.1l can be expressed as follows. 

Theorem 4.11 Let (A4,g) he a (2m + 1)- dimensional complex Riemannian manifold, where m>2. Let M 
he an almost null structure on Ai, and U an open subset of M.. Let k G {0, 1, 2, 3, 4}. Suppose that the Weyl 
tensor is a section of C^ overlA, and is otherwise generic. Suppose further that the Cotton- York tensor is a 
section of A^~^ overlA. Then M is integrable inlA. 

Proof. The odd-dimensional case follows exactly the same procedure as the even-dimensional one. Choose a 
local frame {$^, |/i, ^0} over lA adapted to A/". Then, we have local gradings p.22p and p.23p on the bundles 
C and A respectively. The condition that the Weyl and Cotton- York tensor be sections of C^ and A'^'^ 
respectively is equivalent to their components in Ci and Ai-i vanishing for all— 4<i<A; — 1. 

The integrability of the almost null structure, by Lemma 13.91 is then equivalent to the connection com- 
ponents satisfying 



t Kfiiy 


= 0, 


Tk^O 


= 0, 


To/ji/ 


= 0, 



621) 

(4.10) 
(4.11) 
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for all K, /i, V. These constitute ■^m'^{m — 1), ?n^, and ^m{m — 1) conditions respectively. 

As in the even-dimensional case, for each k G {0, 1,2,3,4}, the assertion of the theorem is proved by 
means of the Bianchi identity, which, from the algebraic degeneracy of the Weyl and Cotton- York tensors, 
gives rise to a homogeneous overdetermined system of linear equations on the unknowns r„pi,, Fk^o a-nd 
To/iy for all k, ^, i/. In fact, for each k € {0, 1,2,3,4}, we shall be able to split the proof into three steps, 
as it turns out that the relevant algebraic equations arising from the Bianchi identity can be arranged into 
three systems. A first system consists of equations on F^^^iy, a second one on r„^ii,, r^^o, and a third one on 
^Kfiu, ^Ktj.0, ^Ofiu, for all K, fi, V. Hence, we will be able to conclude (|4.2|) . (|4.10p . and (j4.11|) successively, by 
considering suitable subsystems of these systems. 

Thus, to show conditions ()4.2p . we can simply recycle the setup of the proof of Theorem l4.6l in particular 
matrix (|4.3p . 



Remark 4.12 While Theorem l4.6l is stated for m > 3 only, the proof can still be re-used in the case m — 2, 
i.e. when M is five-dimensional. In this case, only the 'upper half of the system (|4.3|) is relevant. 



Once conditions (|4.2p have been established, we can move on to show condition ()4.10|) . by considering a 
system of linear equations of the form 



( Li * 
* L2 



V 



\ 



L12 



-'IS 



L^jy 



-'m — 1 



,m / 



/ Tuo \ 

r220 



- /^/^O 



mmO ^ 



V12 

Via 



'/ii^ 



\v„ 



\ 


( \ 




' 












= 


02 




02 




02 


/ 


^ 02 / 



(4.12) 



or Lv = for short. Here, each entry of the m? x 1 vector v corresponds to a connection component F^^o 
Sonic have been arranged in pairs as defined by the ■^m{m — 1) column vectors 



' fiiy 






for all jjL < V. As in the previous step, we have singled out the matrices L^ and L^i, of dimensions 1x1 and 
2x2 respectively. Following the same argument as presented in the proof Theorem 14. 6[ these will play a 
central role in demonstrating that L is non-singular. In particular, with reference to Lemma l4 . 71 and equation 
()4.4|) , the term D of the determinant of matrix ()4.12p is given by 



^= n^« • ndet(L;..) 



(4.13) 



V/i<i/ 
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Once conditions (|4.10p have been established, we will be able to find a system of linear equations of the 
form 



/Ml2 * 



\ 



Af„^ 



V * 



/ roi2 \ 

Tois 



- Ofiu 



* J"m— l,m/ 



Vr, 







O.m — l.m 



(4.14) 



\0j 



or Mw — for short. Again, the diagonal entries Mf^^, for all /i, u have been singled out for their crucial 
part in the application of Lemma |4.7[ where the term D of the determinant of matrix (|4.14p is now given by 



^ = n ^^A.^' ■ 



(4.15) 



tJ.<l> 



Case fc = 0: Assume the Weyl tensor is a section of C'^ so that conditions (|4.7p hold together with 

Cf_ivKO = C'^pko — , (4.16) 

for aU /i, V, K, A. Then equations (|A.3p . (|A.4I) . (|A.5p and (|A.6|) become 



— dpK^Ofi.L' + 2r[^^]'^Cp^^o + SFj^j^j C'pOkO + ^Fj^i^'^Cq^Ij,]^ — 2r[^|g'^C^-|^]^ — : B^^-^^^q , (|A31) 

Now, suppose that the Weyl tensor is otherwise generic and the Cotton- York tensor is a section of A^^. 
Then, we see that equation (jA.Sp is identical to the one used in the proof of case A; = of Theorem 14.61 
Hence, conditions (14.21) are established. We also note that the same result can be equally derived from 
equations (|A.4I) . 

Consequently, equations (jA.Sp depend only on the connection components F^j^o for all /i, v. Now, pick 
m equations from the m{m — 1) equations -B^,/i>LiOi ^^'^ ^U m{m — 1) equations S^^iz/iuo' 

U = 1 fj,fj,o(-^fj,jli/i> ~ 1 uuQ^tj.i'p.u + 1 p.uo(y^i-ii>iyv + (-^uOj^io) ~ J- ui^ioiS^ pfipi/ + L'SO/^o) 






(T^p^jU 



respectively. These equations can be put into the matrix form (j4.12p by defining 

(^ti.n.rnm , tOr ^ ^ TTl , 



L„. ■■= 



■^ fj,fj,7nm 1 



c 



va,m,ra- 



i-'fj.v '■ — 



, ; , ioi LL — m , 



(~^vuuv + (^vOi/0 (-^vvvC' + t^i/Oi^O / 



for all /x < :^, 
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respectively. Now, each matrix L^^ has determinant, for all ^l < v, 

det(L^i^) = (C^siz/i + C^o/^o) ■ yCuOuv + C'c-oi^o) ~ (C'^mmA + Cao^o) ■ [C,/ji^[> + Coqi^q) , 

which can be seen to be non-vanishing by the genericity assumption^ Hence, the term (|4.13|) is non- 
vanishing. 

Further, one can check that the components of the Weyl tensor in the entries of L^ and L^^ have distinct 
index structures from those in the remaining entries of L. Hence, we can apply Lemma 14.71 to conclude that 
L is non-singular, thus establishing conditions (j4.10p . 

At this stage, equations (|A.6p only constrain the connection components Fq^^ for all /i, v. Pick all 
lm{m - 1) equations S^^o,^^: 

which can be put in the matrix form (j4.14p by defining, for every ^ < v, 

This is non-vanishing by the genericity assumption, and thus, the term (I4.15|) is no n- vanishing. 

As in the previous step, the components of the Weyl tensor in the diagonal entries M^^ of M have distinct 
index structures from those in the remaining entries of K. Hence, we can apply Lemma H771 to conclude that 
M is non-singular, thus establishing conditions (|4.10l) . 

Case k = 1: Assume that the Weyl tensor is a section of C*', so that conditions (|4.7p . (I4.16P and (|4.8p hold. 
Then equations (jA.Sp . (|A.6|) . (|A.7p and (jA.Sp become 

Now, suppose that the Weyl tensor is otherwise generic, and the Cotton- York tensor is a section of J^ . 
Then, both sets of equations (IA.5I) and (jA.6p are equations on F^^^, for all k, /x, z^. Now, pick all m(m — 1) 
equations -B^^qIaiP ^-i^d all i?7i(?n — 1)(to — 2) equations B ^„| j^ 

^ ^ ^ PPi'^^O/i^A ~ ^APi/0^ ^ I'l^P '-^OPmA APpO-' '^ A'l^^'^OApA "'' i^^'M^OA^A 

"*" ^ \^ P""^ Oct^A ~ I'Mo-'-^Oa-pA ^ ASpO^ ' AiAw^^Affi/oJ ' 

respectively. These can be put in matrix form (j4.3p by defining, for all k, p distinct, and /i < z^ < A, 



C - - 


C - - 





OApA 


OA^A 







^Ofiup 


^Opup 


.^OOXu 





^Qi>Xi> 



^^ Again, the tracefree property of the Weyl tensor may seem problematic when m = 2. But in that case, some manipulations 
show that det(L^^) = 2C q-q ■ (C -- — C --), which is clearly non-vanishing. 
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The latter has determinant 

which can be seen to be non-vanishing by the genericity assumption. So, K^^i, and K^j^a are non-singular, 
and thus, the term (j4.6p is no n- vanishing. 

Further, one can check that the components of the Weyl tensor in the entries of Kfj^^ and K„^j, have 
distinct index structures from those in the remaining entries of K. Hence, we can apply Lemma 14.71 to 
conclude that K is non-singular, thus establishing conditions (|4.2I) . 

Now, equations (jA.7[) constrain only T g for all ^, i/. Pick m equations from the m{m — 1) equations 
-B^i/iJlMS: and aU m{m - 1) equations B^^,~^\^j^ 

respectively. These can be put into matrix form ()4.12p by defining 

I ._fCmOmm: for all ^ 7^ TO, 

'^' I C — - — - , for u = m, 

Lm- := fS"^" ^5:''°^''') , for all ^i< j^, 

respectively. At a glance, we see that each of L^^ and L^i,, since det(Lpj,) — — 3Cnouu 'C'^oi^s ' ^^^ non-singular 
by the genericity assumption, and thus, the term (I4.13P is non-vanishing. 

Further, one can check that the components of the Weyl tensor in the entries of L^ and L^^ have distinct 
index structures from those in the remaining entries of L. Hence, we can apply Lemma HTfl to conclude that 
L is non-singular, thus establishing conditions (I4.10p . 

Finally, equations (|A.8[) now constrain only Fg for all /i, v. Pick all -7^m(m. — 1) equations -B^^joImO 

which can be put into the matrix form (j4.14p by defining, for every ^ < v, 

M^i, := Cqj^^p . 

By the genericity assumption, each A/^i, is non-vanishing, and thus, the term (I4.15P is non-vanishing. 

Further, one can check that the components of the Weyl tensor in the diagonal entries Mf^^, of M have 
distinct index structures from those in the remaining entries of M. Hence, we can apply Lemma 14.71 to 
conclude that M is non-singular, thus establishing conditions (|4.1ip . 

Case k = 2: Assume the Weyl tensor is a section of C^ so that conditions (|4.7p . (|4.16p and (|4.8p hold 
together with 

Cm^«o = 0, (4.18) 

for aU fi, z/, K. Then equations (|A.7p . (|A.8p . (|A.9p . (jA.lOp . (jA.lip . and (|A.12p become 

= ^gj^l^Api -]p — Tpp'^C^^^j, — Fp^'^Cgg-^fi =: -B/i£;p|KO > ([A^ 

= 4gf-n,^,]|,]g + 2rg[/C,]^-, -:B^.o|.A, 1133 

= 2g[^ I - ylg| y]^ + 2r[^^j'^C^5^o + ^r^^y] C'^oso ~ 2rj^ |o'^'^k|ct| u]p ==• B^^pIho , (|A7TTj) 
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Now, suppose the Weyl tensor is otherwise generic, and the Cotton- York tensor is a section of A^. Then, 
referring to the proof of case fc = 1 of Theorem 14.61 equations (|A.7p lead immediately to conditions (|4.2p . 
Alternatively, one could use equations (|A.8p . 

Next, equations (jA.9[) are now equations on Fk^o for all k, /x. Pick a subset of m equations of -B/iij^i^o 
and all m{m — 1) equations Bjxoi_i\i_io 

n — Y c 4_r c _ _l \^ p n n = r C ~ ~^V C ~-t- \^ F C 

respectively, which can be put into matrix form (|4.12[) by defining 



^M •- 



-C _ , for n ~ m, 

L^. := ('^'^J'^'^ _^°^ V for all /x < j., 

respectively. Each L^i^ and each L^ are obviously non-singular by the genericity assumption. Hence, the 
term (j4.6p is non- vanishing. 

Further, one can check that the components of the Weyl tensor in the entries of L^ and L^,y have distinct 
index structures from those in the remaining entries of L. Hence, we can apply Lemma 14.71 to conclude that 
L is non-singular, thus establishing conditions (j4.10p . 

Finally, equations (|A.10[) now constrain Fo^,y for all /i, ly. Pick all ^m{m — 1) equations Bj^j^q^^^ 

which can be put into matrix form (|4.14p by defining, for all ii < v, 

-'Wp^ := O^^^p -|- Oyjj^p . 

which is non-vanishing by the genericity assumption. Hence, the term (|4.15p is non- vanishing. 

Unlike the two previous steps, an issue regarding the index structures of the components of the Weyl 
tensor arises. Indeed, components of the form C ~-^ for all /i, v occur in both A/^i^ and the remaining 
entries of M. This can be seen from the tracefree property of the Weyl tensor, 

^uajlD V^ iijljla ^aafia) ^uafiu / ^ v^pdjlp ^papp) ^Ocr/iO ' 

p^p.v^a 

for all /i, v, a. This would thus preclude the application of Lemma 14.71 as we have previously used it. 
However, defining new index structures by setting C^f;+ := C'^um£^+ C'i/P^p and C^£>_ := C^^^^j - C'^.^^p 
for all ^, ;/, removes this ambiguity. The hypotheses of Lemma 14.71 are now fulfilled, and yield the desired 
result, i.e conditions (14. lip . 

Case fc = 3: Assume the Weyl tensor is a section of C^, so that conditions (|4.7p . (|4.16p . (|4.8p . (|4.18p and 
(j4Jl) hold. Then equations dSZH), (fXT2|) . (fXT3l) . and (JXIH) become 

= 4.9[,|[.^A]|.]o + 2r[,/Co..A =^^M.o|.A. Wm 

== 2.g[^ I^Aqi ^Yp -I- 2F[^^,]'^Cp^,;.o =■ ^yivp\kQ , (KAM 

= ^'^91p.\X^k\ i>]p + .9pK^AAS ^ rpA^^^KCT/iS ~ TpA C'^ioAS ^- ^iJ.i>p\kX : ( l^-l^P 

= Qvh^Oji ^ ^kp.u + Ti'o'^^/i^SO ~ ^oJ'^jj.aK.O ~ Ti^o'^^KcrO/i — • -^/Ii^OIkO ■ ([534]) 
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Now, suppose the Weyl tensor is otherwise generic, and the Cotton- York tensor is a section of A^. Equations 
(jA.lip and (jA.12[) constrain F^^^ for aU k, /i, ly. Pick all 771(771— 1) equations i?^,y/i|iJo and all ^771(711— 1)(7m— 2) 
equations B^^j^\~^q 

() — r c ~ +v c~ ~ +v c~ ~ + \^ (T c ~~ — r r* ~i 

which can be put in matrix form ()4.3p by defining, for all k, p distinct, and p, < v < \, 

respectively. That these matrices are non-singular by the genericity assumption is clear, and so the term 
()4.6p is non-vanishing. 

Further, one can check that the components of the Weyl tensor in the entries of K^y and 'i^K,^J.u have 
distinct index structures from those in the remaining entries of K. Hence, we can apply Lemma 14.71 to 
conclude that K is non-singular. 

Next, equations (JA.ISP now constrain F^j^o for all /i, v, and conditions ()4.10p follow directly from any 
subsets of w? equations 

Finally, equations (jA.14[) now only constrain Fq^k for all k, v. Pick ^m{m — 1) equations iJ^^olso 
which can be put in matrix form (I4.12p by defining, for all fi < k, 

Mfj,K '■= ^(^jlkkO ■ 

This is non-vanishing by the genericity assumption, and thus the term (j4.13p is non-vanishing too. 

Further, one can check that the components of the Weyl tensor in the diagonal entries Mfj_i, of M have 
distinct index structures from those in the remaining entries of M. Hence, we can apply Lemma 14.71 to 
conclude that M is non-singular, thus establishing conditions (|4.10p 

Case fc = 4: Assume that the Weyl tensor is a section of C^, so that conditions (|i?7)) . (I4.16p . (g^, (|4.18p 
and (|4.9p hold together with 

C,,OA^=0, (4.19) 

for ah K, fj,, V. Then equations (|A.13p . (|A.14p . (jA.lsp . and (|A.16P become 

= gykAoafi - Af^fLu -■ Bf,M\ko , (EM 

= -25[A lA^Kl P]p + 9pkAxf,, - TpA^C^sA^ =■ Bf..p\kx ^ <E31 

= 2g[^ \xAf.t^ p]o - Fo^'^C^jg-^j; =: i?/i£;o|KA • \k.lQ\ 

Now, suppose that the Weyl tensor is otherwise generic, and the Cotton- York tensor is a section of A'^ . 
Referring to the proof of case fc = 2 of Theorem 14. 6i equations (jA.14p leads immediately to conditions (|4.2p . 
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Next, equations (jA.15[) now constrain only F^^o for all k, /i. Choose m equations of i3/ii>i/|^o f-nd ^^U 
m{m - 1) equations B^c,^|;io 

respectively. These can be put into the matrix form (J4.12I) by defining 



L. := 


= 'c , 

l^ m—lmm—lm 


for all J^ / m 
for v = m, 


Lpjy := 


fc,,,, \ 



for all ^ < V, 

respectively, and det(L^,y) — — (C'nprij;)^. These are clearly non-singular by the genericity assumption, and 
thus, the term (j4.13p is no n- vanishing. 

Further, one can check that the components of the Weyl tensor in the entries of L^ and L^i^^ have distinct 
index structures from those in the remaining entries of L. Hence, we can apply Lemma 14.71 to conclude that 
L is non-singular, thus establishing conditions (|4.10p . 

Finally, equations (jA.16[) now constrain Fq only. Pick all ^m{m ~ 1) equations -B^i>o|/ip 

n — _p r; _ \^ p /^ _ 

which can be put in matrix form (14. 14^ by defining, for all /i < v^ 

The genericity assumption tells us that this is non-vanishing non-vanishing, and so, the term (I4.15|) is non- 
vanishing. 

Further, one can check that the components of the Wcyl tensor in the entries of M^^ have distinct index 
structures from those in the remaining entries of M. Hence, we can apply Lemma 14.71 to conclude that M 
is non-singular, and condition (|4.1ip holds true. D 

4.3 Conformal invar iance 

An alternative way to relate the algebraic properties of the Weyl tensor and the Cotton- York tensor, and 
the integrability of the almost null structure as given by the propositions and theorems above is to consider 
a conformal change of metric 

g = n^g (4.20) 

for some non-vanishing holomorphic function J7 : A^ — > C. First, it is clear that under such a change, the 
defining property of the null distribution and its orthogonal complement is invariant, i.e. g is degenerate on 
TV if and only if g is. Further, since the involutivity of these distributions does not depend on the metric, 
we obtain 

Lemma 4.13 The integrability of an almost null structure J\f is a conformally invariant property. 

It then comes as no surprise that the integrability condition of J\f given in Proposition 13.111 is itself purely 
conformal since it only involves the conformally invariant Weyl tensor. 

Now define T := g{il^^\7ft) and denote by V the Levi-Civita connection of g. If A denotes the Cotton- 
York tensor of V, it is well-known (see e.g. [GHNlOj and references therein) that under the conformal change 
(I4.20p the Cotton- York tensor transforms as 

A{X, Y, Z) = A{X, Y, Z) - C(T, X, Y, Z) (4.21) 
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for all X, Y, Z G r(TA^). In four dimensions, similar statements can be madewith regard to the self-dual 
and anti-sclf-dual parts of the Weyl and Cotton- York tensors. By Lemma [3771 we can now conclude 

Lemma 4.14 Let (A4,g) be a (2m + e)- dimensional complex Riemannian manifold endowed with an almost 

null structure Af, where e G {0, 1} and m > 2. Assume 2m -|- e > 5. When e = 0, respectively, e = 1, if the 

Weyl tensor is a section of C^ for k G {0, 1, 2}, respectively for k G {0, 1, 2, 3, 4}, then the property that the 

,1 
Cotton- York is a section of A "^ , respectively A^~^ , is conformally invariant. 

Assuming 2m + e = 4 and TV self-dual, if the self-dual part of the Weyl tensor is a section of ~^C for 

k-- 
k G {0, 1, 2}, then the property that the self-dual part of the Cotton-York is a section of^A '^ is conformally 

invariant. 

It then follows immediately that Propositions 14.51 and 14.101 and Theorems 14.11 14.61 and 14.111 are conformally 
invariant. 

5 Further degeneracy 

5.1 On the genericity assumption of the Weyl tensor 

In general, imposing additional structures on a complex Riemannian manifold {A4,g) and its almost null 
structure TV will make the Weyl tensor degenerate further, and it is therefore important to keep track of 
the emerging algebraic relations between the components of the Weyl tensor to check whether Theorems 14.61 
and 14.111 remain valid. If one realises that the proofs fail under stronger assumptions, one may still have 
the option of making a different choice of components, and succeed in proving the assertion of the theorem, 
although in some cases |TC11| . no such choice may present itself. 

Here, we list a number of reasons leading to further degeneracy to the Weyl tensor: 

• The basic framework of the results of section[5]is the filtered vector bundles (C, {C}) and {A, {A^}). 
However, as pointed out in Remarks 12.41 and 13.61 it is possible to refine the classifications of the 
Weyl tensor and Cotton- York tensor by considering the irreducible p-modules contained in each of the 
quotient bundles CYC*^^ and A^/A^~^^. In particular, Propositions 14.51 and 14. lOl can certainly be made 
more precise. Extensions of Theorems 14.61 and 14.111 in this setting, however, are less straightforward. 
Such a generalisation would remain invariant under P. 

• One may consider the algebraic degeneracy of the Weyl tensor with respect to more than one almost 
null structure, in particular, any of the canonical almost null structures defined in section [3731 in which 
case the discussion ceases to be P- invariant. This is a generalisation of the four-dimensional Petrov 
type D condition. 

• The discussion can also be extended in a natural way to real smooth pseudo-Riemannian manifolds, in 
which case the almost null structure must satisfy certain reality conditions. In fact. Theorem 14.11 was 
initially stated in Lorentzian geometry. 

Of course, any combinations of these further degenerate cases can be used. We shall leave the first of 
these considerations for now, although we shall briefly comment on it in section 15.4.31 Instead, we focus on 
the last two points. 

Before we proceed, some scepticism might be expressed as to whether the rather broad genericity assump- 
tion used in the proofs of Theorem 14.61 and 14.111 is reasonable. In other words, one may ask the question: 
are there any 'interesting' real or complex (pseudo-)Riemannian manifolds, whose conformal curvature does 
not degenerate so much as to make the claims invalid? But the present work has precisely been motivated 
by the existence of such explicit examples as the Kerr-NUT-AdS metric |CLP06| . which is, in fact, endowed 
with multiple null structures and a reality structure, and a certain class of higher-dimensional Kerr-Schild 
metrics TC^ . On the other hand, it is worth pointing out that those manifolds that do not fall into the 
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'generic' class may well exhibit other geometric structures of interest ~ a five-dimensional Lorentzian class 
of such manifolds is considered in [GLWllj . 

Remark 5.1 It would also be instructive to derive the Jordan normal forms of the Weyl tensor, regarded as 
a section of the bundle of endomorphisms of /\' T*A^, corresponding to the each of the degeneracy classes 
C . In this way, the genericity assumption could become more transparent. Further, the eigenvalue structure 
would provide necessary conditions for the existence of a null structure by means of curvature invariants 
[CH10| . This being said, it was shown in |TC11| . at least in five dimensions, Lorentzian signature, that 
the Jordan normal form alone does not determine the algebraic speciality of the Weyl tensor. In fact, the 
existence of a certain number of null eigenforms, both simple and non-simple, appears to be a crucial factor 
in that matter |^ 

5.2 Degeneracy of the Cotton- York tensor 

The content of Propositions 14.51 and 14.101 is really that the Cotton- York tensor should be regarded as an 
obstruction to the integrability of an almost null structure when the Weyl tensor is algebraically special with 
respect to it. In fact, Theorems l4.6l and l4.11l do not depend on any genericity assumption on the Cotton- York 
tensor. Thus, one may apply stronger conditions on the Cotton- York tensor without affecting Theorems 14.61 
and 14.111 i.e. the almost null structure remains integrable. These will in general no longer be conformally 
invariant by equation (J4.21I) . 

An interesting issue that arises as a result of further degeneracy of the Cotton- York tensor, such as the 
Einstein condition, is whether one can deduce that more connection components vanish, i.e. the null structure 
enjoy further geometric properties, beside integrability, as determined, e.g. by the differential equations (I3.26|) 
or p.27p . In four dimensions, we know that this is not the case. In higher dimensions, if the Weyl tensor is 
a generic section of C", then the integrability of the almost null structure is also all one can deduce. On the 
other hand, for the other degeneracy classes C*^ for fc > 0, the Einstein condition yields algebraic relations 
between the Weyl tensor components and the connection components. Viewed as a homogeneous system of 
linear equations on the connection components, it is an open question as to whether these components must 
also vanish in high enough dimensions - in low dimensions such a system is underdetermined. It is worth 
pointing out, however, jTCll) that additional reality conditions on five-dimensional Einstein manifolds do 
lead, in some instances, to further degeneracy of the connection components. 

5.3 Multiple null structures 

Recall from section 13.31 that the normal form of the metric (locally) determines 2™ canonical almost null 
structures, the set of which is denoted Bs- It is then pertinent to consider the algebraic properties of the 
Weyl and Cotton- York tensors with respect to any number of almost null structures in Bs, and such an 
approach is clearly no longer P-invariant. Nonetheless, for a chosen almost null structure A/", one may still 
refer to the Weyl tensor as a section of C'^ with respect to J\f for some k, and similarly for the Cotton- York 
tensor. In particular, one could apply Propositions 14. 51 and l4.10l repeatedlv for any number of distinct almost 
null structures. 

On the other hand, one has to be a little more cautious if one wishes to generalise Theorems 14.61 and 14. Ill 
in the present context. Indeed, assuming the algebraic degeneracy of the Weyl tensor with respect to two 
or more almost null structures will violate the genericity condition on the Weyl tensor. There is not enough 
space for a full treatment of this problem here. Instead, we focus on a generalisation of the four-dimensional 
Petrov type D condition in the sense that the self-dual part of the Weyl tensor is algebraically special with 
respect to two distinct self-dual almost nuU structures, i.e. it can be viewed as a section of ~^C° with respect 
to each of these. A similar definition can be made regarding the anti-self-dual part of the Weyl tensor. 

In higher dimensions, the situation is analogous except for matters of self-duality. For clarity, the algebraic 
conditions on the Weyl tensor and Cotton- York tensor are given explicitly. 



^^One can already see that if the Weyl tensor is a section of C*^, then any simple section of /\ (V*)^, i.e. scalar multiples of 
0M A 0'^ for all fi, u, is an eigenform of C. 
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Theorem 5.2 Let {A4,g) be a (2m + e)- dimensional complex Riem,annian manifold, where e G {0, 1} and 
2m + e > 5. Let J\f he an almost null structure on A4, and let B be a subset of Bs, the set of all canonical 
almost null structures on (some open subset of) Ai as defined in section [3.3[ Suppose that the Weyl tensor 
and the Cotton- York tensor (locally) satisfy 



C{X,Y,Z,-)=0, AiZ,X,Y)=0, (5.1) 

is otherwise generic. Then the almost null structures in B are (locally) integrable. 



respectively, for all X , Y G r(A/j^), and Z £ r(A/'M), for all TVJv/ G B. Suppose further that the Weyl tensor 



c 


— Cfj_-Ofj,^0 — Cc'iQf_if,K. — L'/iiO/ifeK — L-i^i/ij/^fcO — U , 


(5.2) 




COi^j^ikii, = C^-C'jt/^K = L'PiO/^fcO — U , 


(5.3) 


- C^^OjUkk 


— - ^OiVjOf^K -— ^OiOOk^ ~~ ^Oi^v^k ~- ^ViVjV^k -- U , 


(5.4) 



Proof. For definiteness, we treat the odd-dimensional case only. With no loss of generality, we can assume 
that A/" — A/i2...m G B. Let Mm be a canonical almost null structure in^ distinct from M . In particular, 
M — {/ii, . . . , jip} C 5 = {1, 2, . . . , m}, where /i^ ^ /ij for all i ^ j. Let M — S\ M . Suppose that the Weyl 
tensor and Cotton- York tensors satisfy conditions (j5.ip with respect to both N and Mm- In particular, in 
the latter case, we have conditions on the components of the Weyl tensor given by 

^fj,ifj.jfj.kn = ^fiiQfikK — '-^Uifj.jfj.kK, 

for all /ii G M , and fij G M, and all k. We note that there is some redundancy in the sense that conditions 
(|5.2p are also satisfied by virtue of the algebraic degeneracy of the Weyl tensor with respect to M. Further, 
conditions (|5.4p are absent in the proof of Theorem 14.111 (case k — 0). So the only issue that might arise 
concerns conditions (j5.3|) . Now, recall that the entries of the matrices K^j,, K^^,^, L^, L^^ and M^^ in the 
proofs of Theorems 14.61 and 14.111 are linear combinations of the components 

^^ivfiv , C^fivo , and L/^o/io ■, (5.5) 

for all /i, V. By inspection, it is then clear that none of the conditions (|5.3p violate the genericity assumption 
on components (|5.5p . Hence, Theorems 14.61 and 14.111 apply to A/", i.e. M is integrable. 

It now remains to show that Mm is also integrableo To this end, we note that the two almost null 
structures M and Mm are interchanged by the symmetry 

^ii^ fit, 

for all /ii G M . In particular, the components (|5.5p remain invariant under this symmetry, and thus, the 
genericity assumption on these is not violated. We can therefore apply Theorems 14.61 and 14.111 to conclude 
that Mm is integrable. 

At this stage, since Mm € B was arbitrary, we can extend the above argument to any number of canonical 
almost null structures in B^ which proves the claim of the theorem. D 

Remark 5.3 It is well-known that in four dimensions, the maximum number of null structures on a non- 
conformally flat complex Riemannian manifold is four - both self-dual and anti-self-dual part of the Weyl 
tensors are then of type D. One may conjecture whether this upper bound is 2™ for a (2m -\- e)-dimcnsional 
manifold, where e G {0,1}. In |TC11] . however, a counterexample to the conjecture is presented in five 
dimensions - the Myers-Perry black hole with one rotation coefficient has eight null structures. But it is not 
clear whether this is a feature of odd dimensions only. 



Remark 5.4 In MTIO], it is shown that the integrability condition for the existence of a conformal Killing- 
Yano 2-form (f) in normal form with distinct eigenvalues on (A4,g) is precisely that the Weyl tensor satisfies 
condition (|5.ip where B = Bs- Further, if the exterior derivative of </) satisfies 

dt/)(X,Y,Z) = 0, 



^^Iii general, the fact that J\f is aheady integrable will imply that some of connection components obstructing the integrability 
o{ Mm will vanish, but this does not afEect the argument. 
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for all X,Y e r(A/'^), and Z e T{AfM), for all JVm e Bs, then {M,g) locally admits 2™ null structures. 
We note that this result makes no assumption on the genericity of the Weyl tensor, and indeed, it is certainly 
true in the conformally flat case. On the other hand, this suggests that Theorem 15.21 together with some 
additional conditions on the non- vanishing components of the Weyl tensor could provide sufficient conditions 
for the existence of such a conformal Killing- Yano 2-form, as in the four-dimensional case |WP70[|PR86j . 

5.4 Real versions 

Let {Ai,g) be a real (2?7i -f e)-dimensional orientable pseudo-Riemannian smooth manifold, where e G {0, 1} 
and 2m + e > 5. We now work in the smooth real category. Thus, the tangent bundle TA4, the cotangent 
bundle T*M, and tensor products thereof, such as the bundle C of Weyl tensors, and the bundle A of 
Cotton- York tensors, are all smooth real vector bundles. 

An almost null structure on (A4,g) can then be defined as a complex subbundle J\f of the complexified 
tangent bundle C ® TA^, which is totally null with respect to the complexified metric, and of rank m^ i.e. 

JVcM^ CC(E)TM. (5.6) 

To clarify the following discussion, we recall that the orthogonal complement of a real subbundle of TA4, 
respectively, a complex subbundle of C (g) TA^, is taken with respect to the real metric, respectively, the 
complexified metric. In both cases, it is denoted by a •^. 

The complexified tangent bundle is naturally equipped with a reality structure, induced from an involu- 
tory complex-conjugation operation": C (g) TTW — > C ® TTW, which preserves the real metric. This motivates 
the following definition. 

Definition 5.5 ( [KT92| ) Let Af be an almost null structure on {Ai, g). The real index r^ of the fiber Afp over 
a point p e A^ is the dimension of the intersection of A/" and its complex conjugate A", i.e. Tp — dim A/^ n ATp. 
If Tp ~ rq for any points p, q in some open subset lA oi Ad, we say that Af has (constant) real index r in lA. 

The signature of the metric imposes restrictions on the possible values of the real index r as made precise 
by the next lemma. 

Lemma 5.6 ( |KT92j ) Let Af he an almost null structure on a pseudo-Riemannian manifold {A4,g) where 
g has signature {k,i), i.e. (k positive eigenvalues, (. negative eigenvalues), with k + i = 2m + e. Then at any 
given point p S A4, the real index rp of the fiber Afp must be a non-negative integer such that rp < min{A:, i} 
and 

• Tj, G {min{fc,£} mod 2} when e = 0, and 

• Tp G {inin{fc,^} mod 1} when e = 1. 

Assuming the real index r to be constant in some open subset of Al, the intersection Af n77 gives rise to a 
complexified real totally null subbundle TZ of the tangent bundle of rank r. 

In section [21 we have distinguished the concept of integrability and involutivity (or formal integrability) , 
and the Frobenius theorem tells us that these are essentially equivalent. While it may seem that this 
distinction is thus superfiuous in the holomorphic category, in the smooth category, it becomes somewhat 
ambiguous. If the distributions Af, 77, Af^ and A" are involutive, so are the real spans of the intersections 
AfnAf and Af^ flA/" . Hence, by the Frobenius theorem, TZ is integrable, and, following the same arguments 
of Lemma (j3.9p . is tangent to totally null and geodetic real submanifolds of dimension r. In addition, each 
fiber of the vector bundle A" -I- Af /Af n A" is naturally equipped with a complex structure, and the quotient 
manifold AA/TZ thus acquires the structure of a CR manifold of codimension r -\- e. However, this CR 
manifold is in general not embeddable, i.e. its underlying complex structure is involutive, but not integrable. 
Whether this CR manifold is embeddable or not, we shall nonetheless refer to such a null structure as being 
integrable. In the real-analytic category, on the other hand, one can simply complexify AA and work in the 
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holomorphic category, in which case the embeddabihty of the CR structure will follow. The involutivity of the 
complex conjugate pair of almost null structures gives rise to two holomorphic foliations of the complexified 
manifold, and the intersection of the leaves of these foliations are the complexification of totally null and 
geodetic leaves of a real foliation of the original real manifold. These analytical issues for even-dimensional 
Lorentzian manifolds are discussed in |Tra02a) . 

An almost null structure of constant real index on {Ai, g) is equivalent to the reduction of the structure 
group of the frame bundle to a real Lie group, ^P say, of SO(k,i). Its complexification can be viewed as 
the intersection of the complex parabolic subgroups -^P and ^P, preserving the almost null structures TV 
and AT respectively. A description of such real Lie groups can be found at the infinitesimal level in [KT92j . 
In this context, the classification of the curvature tensors should be carried out in terms of an ^P-invariant 
decomposition of the irreducible SO(fc,^)-modules C and A. We can however bypass these representation- 
theoretic arguments by noting that the filtration (|5.6I) and its complex conjugate induce two filtrations { C'} 
and {^C*} on C®C, preserved by ^P and ^P respectively. Then, for each i, we can consider the real span 
of the intersection CL n Cp at every point p. This gives rise to an ^P-invariant subbundle of C, which we 

may reasonably describe as a real analogue of the complex subbundles C and ^C , i.e. it defines algebraic 
classes of the Weyl tensor with respect to both J\f and Af. However, depending on the real index of A/", the 
fibers of C and C* will intersect trivially for some values of i, which precludes the existence of certain 
algebraic classes of Weyl tensors with respect to both J\f and J\f. The same argument applies regarding the 
Cotton- York tensor. 

With these considerations in mind, we might be able to apply Theorems 14.61 and 14. 1 II in this real setting. 
Since the reality conditions on the Weyl tensor clearly violate the genericity assumption, we need to go back 
to the proofs of these theorems, and check whether these new assumptions undermine them. To facilitate 
the analysis, these reality conditions are described explicitly in the remark below. 

Remark 5.7 One may choose a (local) complexified frame {^^, ^p,, e^o} adapted to the almost null structure 
TV, i.e. such that {^^ ■ fJ- ^ 1, • ■ • , "tn} span A/", as already described in section l373l This null frame will now be 
subject to reality conditions depending on the real index r of A^ and metric signature {k,£). For specificity, 
assume k > £. In 2m dimensions, the spanning vector fields of TV can be chosen in such way that the complex 
conjugation acts as 

where s = ^^ (this must be an integer by Lemma [5^ . Here, the vector fields {^^ : ^ = 1, . . . , r} span the 
real part of TV fl TV. 

Similarly, in 2ra + 1 dimensions, when r — £ is odd, we have 

: (ll, ■ • ■ ,lr,lr+l, • • • ,^s,^s+l, ■ • ■ ,1m, ^o) ^^ (^1, • • ■ ,^r,^;rjrr, • • • , Is, ^l^+i", • • ■ , -|r7i, — lo) , 

where s = ■^^. When r — £ is even, we have 

: (|l, . . . ,|r,|r+l, . . . ,|s,|s+l, . . . ,|m,|o) l-> (|l, . . . ,|r,|;qrr, • ■ • ,ls, "I^+Tj • ■ • 1 ~|m,G) , 

where s ~ ^+^~-^ . 

In all three cases, the remaining vector fields -^ |^ : /i = 1, . . . ,r > of the frame must evidently be real 

since the metric is real. 

As in section [3731 we can also consider the set Bg of all canonical almost null structures on some open set, 
each of which inherits the real index of the 'primary' almost null structure M . It is then more appropriate 
to take the quotient of IBs by the equivalence relation 

Mm -^J^n ^ TV^ = TVat , 

where Nm,Mn G Bs- This quotient will be denoted Bs/ ^■ 
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We are now in the position of extending Theorem 15.21 to the real smooth category. Indeed, the theorem 
provides the right setting for the case at hand since if the Weyl tensor is degenerate with respect to an almost 
null structure A/", so must it be with respect to its complex conjugate A/". Also, the complex conjugate pair 
Af and J\f will just be two of the canonical almost null structures given in section 13.31 In fact, we can 
consider any number of complex conjugate pairs of these, or in the above notation, any number of almost 
null structures in Bs/ ~. Further, the reality conditions described in Remark 15.71 on the non-vanishing 
components of the Weyl tensor is of no serious consequence on the genericity assumption. Finally, while 
Theorem 15.21 is formulated in the holomorphic category, real analyticity need not be imposed if one now 
regards the components of the connection and curvature, in the proofs of Theorems 14.61 14.111 and 15.21 as 
being complex-valued smooth functions on an open set. From these considerations, we can conclude 

Theorem 5.8 Let {A4,g) be a {2m + e) -dimensional pseudo-Riemannian smooth manifold of arbitrary sig- 
nature, where e £ {0,1} and 2m + e > 5. Let J\f be an almost null structure on Ai of any real index 
allowable by Lemma \5.6[ Let Bs/ '^ be the set of all canonical almost null structures on (some open subset 
of) A4 modulo complex conjugation as defined in Remark \5.7\ Let B C Bs/ ~. Suppose that the Weyl and 
Cotton-York tensors (locally) satisfy 

C{X,Y,Z,-)^0, A(Z,X,Y)=0, 

respectively, for all X ,Y £ r(A/'j^), and Z £ r(A/'Af ), for all Mm £ B. Assume further that the Weyl tensor 
is otherwise generic. Then the almost null structures in B are (locally) integrable. 

Remark 5.9 Incidentally, from its signature-independent formulation, this theorem may, in some instances, 
be regarded as a criterion as to whether a pseudo-Riemannian manifold of a given signature can be Wick- 
transformed to a different signature. Indeed, the Kerr- NUT- (A)dS metric, which has been presented in 
Euclidean, Lorentzian, and split signatures |CLP06[[CL08j . is known [MTIO] to satisfy the algebraic degen- 
eracy of Theorem 15.81 where B ~ Bs/ ^■ 



The full extensions of Theorems 14.61 and 14.111 to the real category deserve separate treatments specific to 
each real index, and as they stand, the proofs must be adapted to the underlying real structure. Nonetheless, 
it must be emphasised that this is no tragedy. In fact, the arguments are greatly simplified by the fact that 
more components of the Weyl tensor vanish. 

In the next three sections, we comment briefiy on the Euclidean, split signature and Lorentzian cases. 

5.4.1 Hermitian structures 

We now assume that g is positive definite, i.e. k = 2m + e, £ = 0. Then, the real index of an almost null 
structure must have constant real index r — 0, and the complexified tangent bundle splits according to the 
direct sum 

C®TM^JV®J7®e{N^nM^). (5.7) 

When e = 0, TV defines a metric compatible almost complex structure, and when e = 1, a metric compatible 

almost CR structure. In both cases, Af and 77 define the distributions of (0, l)-vectors and (l,0)-vectors 

respectively, or in other words, the -|-i- and — i-eigensubbundles of an almost complex structure of the 

complexified tangent bundle C ® TA^. For specificity, we assume e = 0, in which case the structure of the 

frame bundle reduces from S0(2to) to the unitary group \J{m). In this case, we remark that the question 

of the integrability of the almost Hermitian structure does not, by the Newlandcr-Niremberg theorem, 

necessitate real analyticity. 

Now, the direct sum ()5.7p yields decompositions of the bundles C and A into irreducible U(TO)-modules, 

and we recover the classification given in references |FFS94[[TV81| . In the present context, it suffices to note 

that in the complexification gri(^C) ^ gr_,(-^C) ^ gr_,(^C) for i = 0, 1,2, and gr,{-^A) = gr_,{^A) ^ 

gr_j(^^), for I = i, |. One can then write C — Cq ® Ci (S C2 and A = Ai © ^3 , where each of the (not 

2 2 
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necessarily irreducible) U(m)-modules Ci and A can be identified with the real span of grj(^C) © gr_j("^C) 
and gr^{-'^A)(Bgr_j^{ A) respectively. A similar analysis can be done when e = 1. Thus, Theorem 15 .81 covers 
all possible algebraic special classes of the Weyl tensor with respect to one or more canonical almost null 
structures. 

5.4.2 Real null structures on pseudo-Riemannian manifolds of split signature 

The other extreme is the case where g has signature (tti, m + e) and the almost null structure has real index 
m. In this case, we literally have a real version of the classification of the Weyl tensor and Cotton- York 
tensor, and Theorems 14. 6[ HTTT] and \E^ all apply. When integrable, the almost null structure gives rise to a 
foliation of M by m-dimensional totally null and geodetic leaves. 

5.4.3 Robinson structures 

In Lorenzian signature, i.e. k = 2m — 1 + e, i = 1, one needs to distinguish between the cases e = and 
e — 1. When e = 0, the real index of an almost null structure J\f must have constant real index r = 1, 
and TV defines an almost Robinson structure (A/", /C) on {A4,g), where /C is a real null line bundle whose 
complexification is the intersection of TV and its complex conjugate J\f. In particular, we have a filtration of 
vector bundles 

ICcK.^ CTM, (5.8) 

where JC-^ is the orthogonal complement of /C with respect to the real metric. When TV is integrable, the 
integral curves of the generators of JC are null geodesies. At every point p, the fiber of the screen space 
/C^//C is naturally equipped with a complex structure, which is preserved along the flow of K,. Further, the 
quotient manifold A4/IC acquires the structure of a CR manifold. 

In the odd-dimensional case (e = 1), the real index of an almost structure can be either or 1. In fact, 
it may not even be constant throughout the manifold: an example is afforded by the five-dimensional black 
ring [TCllj . Nonetheless, in a small enough open set, the real index will remain constant. In the case r = 0, 
the almost null structure defines an almost CR structure. On the other hand, when r = 1, if A/" and A/""*" 
are integrable, the real null line bundle IC arising from the intersection of the null distributions generates a 
congruence of null geodesies. Each fiber of the screen space IC^ /JC is endowed with a CR structure, and the 
quotient manifold A4/IC acquires the structure of a CR manifold of codimension 2. The remaining part of 
the discussion focuses on Robinson structures. 

Geometrically, the existence of a prefered null direction is equivalent to a reduction of the structure group 
of the frame bundle to the group Sim(27TT, — 2 -I- e), which preserves the filtration (|5.8p . and which has Lie 
algebra sim(2TO - 2 + e) := (IR©so(2m-2-|-e))©R2™~^+% a parabolic Lie subalgebra of so(l, 2m- l-|-e). In 
the language of relativity, the summands of sim(2TO — 2 + e) generate boosts, screen space rotations, and null 
rotations respectively. Clearly, the center 3 of sim(2r7i — 2-f e) lies in its M-summand, and the grading element 
E G 3 induces a |l|-grading on both so(l,2m — 1 + e) and its standard representation. Thus, the tangent 
bundle (locally) admits the grading TM = /Ci®/Co®/C_i where ICi ^ /C, /Cq ^ IC-^/IC, and /C_i = TM/K.^. 
In the relativity literature |CMPP04a l. sections of ICi are said to be of boost weight i. The bundles C and A 
now admit Sim(2?7i — 2 -\- e)-invariant filtrations of vector bundles 

/c^2 ^/c^i ^/c^o ^/c^-i ^/c^-2 ^^^ 1^^^ cz'^A^ c'^A" c'^A^^ c'^A-^ =A, (5.9) 

respectively, and each of the quotient bundles 'C^i^/c^i+i ^j^^j Kj^i ^Kj^i+i jg g^ completely reducible so(2to — 
2 -I- e)-module. 

The existence of an almost Robinson structure is equivalent to a reduction of the structure group to 
the Lie group '^P with Lie algebra (R © u(to — 1)) © K2m-2+e ^ sim(2m — 2 + e). This reduction induces 
further splitting of each of the so{2m — 2 + e)-irreducible components of the associated graded bundle of any 
Sim(2TO — 2 + e)-invariant filtrations. In particular, in even dimensions, the complexification of the screen 
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space splits as a direct sum 

C (g) K^/JC = (/C-L//C)i^° ® [K^/lCf'^ © C , 

where (/C^//C)^'° and {K.^ /JOp'^ denote the +i- and — i-eigenbundles of the center i{vi{vi — 1)) respectively, 
and one can identify the null distribution J\f with (C ® /C) © {K,-^ /IC)^'^ . 

The complexification of each of the quotient bundles 'C^j^'K^i+i jg ^^^ ^ completely reducible u(to — 1)- 
module. The Sim(27TT, — 2 + e)-invariant filtrations (|5.9p decompose further into '^P-invariant subfiltrations, 
and it is these filtrations that arc relevant in the Lorentzian version of the Goldberg-Sachs theorem. The 
precise details will be given in a future publication. At this stage, it suffices to say that the curvature condi- 
tions for the existence of an Robinson structure can be read off from Lemma |3.7[ provided that appropriate 
reality conditions are imposed. It is straightforward to check that under these reality conditions, the complex 
subbundles C^ and C^ of C©C intersect trivially. Similarly, in odd dimensions, the bundles C^ and C^ 
intersect trivially when fc = 3,4. In particular, in the light of Remark 13.41 there are no higher-dimensional 
Lorentzian analogue of the Petrov type N condition in this context. 

In four dimensions, since 50 (2) = u(l), it is clear that there is no further reduction of the structure 
group. Geometrically, it simply means that singling out a null direction is equivalent to singling out an 
almost Robinson structure. Further, the isomorphism so(l, 3) = s[(2, C) tells us that the complex conjugate 
of a self-dual almost null structures is anti-self-dual. In particular, the self-dual part of the Weyl tensor and 
an anti-self-dual part of the Weyl tensor are now complex conjugate of one another. Thus, the algebraic 
degeneracy of the self-dual part of the Weyl tensor is always mirrored by that of the anti-self-dual part of 
the Weyl tensor via complex conjugation. As a result, each of the self-dual complex Petrov types has a 
(non-trivial) real Lorentzian counterpart. 

Thcorcm l5.8l alreadv gives a (partial) Lorentzian version of the Goldberg-Sachs theorem. In fact, it tells 
us more. One may have multiple Robinson structures^ i.e. a Lorentzian analogue of multiple null structures, 
whereby at most two distinct null directions are distinguished, each having up to 2™"^ complex structures 
associated to its screen space. For other degeneracy classes, however, one must alter the proofs of Theorems 
14.61 andl 4.11l in order to demonstrate the integr ability of the almost Robinson structure lj The full analysis 
in higher dimensions will be presented elsewhere. 

Finally, as in the holomorphic category, one may wish to find refinements of the Goldberg-Sachs theorem 
in terms of irreducible u(m — l)-modules of the bundle '^C. However, it is pointed out in section 3.4.2 of 
reference |TG11| that certain algebraic classes of the Weyl tensor do not necessarily lead to the integrability 
of the underlying almost Robinson structure, and these classes are in fact defined by irreducible v.{m — 1)- 
modulesl^ This seems to indicate that the ^P- invariant filtration on the complexification C (8) C is more 
relevant than the '^P-irreducible modules of the real bundle C in determining the integrability of (A/", /C). 

6 Conclusion and outlook 

The main thesis of this paper was to deduce the integrability of a given holomorphic maximal totally null 
distribution on a complex Riemannian manifold with prescribed Weyl and Cotton- York tensors in arbitrary 
dimensions. This can be viewed as a generalisation of what is known as the complex Goldberg-Sachs theorem. 
For this purpose, we introduced a higher-dimensional generalisation of the complex Petrov classification of 
the Weyl tensor. We also gave an extension of these results to the case of multiple almost null structures, 
which were then applied to the category of real smooth pseudo-Riemannian manifolds. 



^^For a five-dimensional Einstein Lorentzian manifold, computations have shown that if the Weyl tensor degenerates to 
a generic section of the real span of ^C^ n ^C*, for k = 1,2, then {J\f,K.) is integrable. The latter case is presented in 
[GodlOllTCll) , and corresponds to the Weyl tensor being determined solely by a spinor field of real index 1 . 

'^^To see this, we note that in five dimensions, Lorentzian signature, each of the irreducible ""P-modules of the graded vector 
bundle gr(C) is either one-real-dimensional or one-complex-dimensional, and each can be identified with a real or complex 
independent component of the Weyl tensor in a (spinor) frame adapted to (A^, /C). Thus, the vanishing of one such component 
- modulo '"^P-gauge transformations - is tantamount to the projection of the Weyl tensor to the corresponding irreducible 
''-P-module being zero. 
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The discussion used a minimal amount of theory. But at its core was the paraboHc Lie algebra stabilising 
the almost null structure. There is another parabolic Lie algebra in the story, and it is related to conformal 
geometry. Indeed it was pointed out in section 14.31 that the Goldberg-Sachs theorem in any dimensions is 
a conformally invariant statement. This strongly suggests that the present results should be cast in the 
elegant language of parabolic geometry: the conditions on the Weyl tensor and Cotton- York tensor with 
respect to an almost null structure on a base conformal manifold can be re-expressed as conditions on the 
curvature of the projective pure spinor bundle fibered over it, and a section thereof. The content of the 
Goldberg-Sachs theorem is that certain curvature prescriptions imply a differential condition on this section, 
which can ultimately be translated by a foliation by maximal totally null leaves on the base manifold. 

A The Bianchi identity 

In this appendix, we give the Bianchi identity in component form in the null basis {^;^,^/i, e^^^} introduced 
in section [3.31 with the following conventions: 



• the directional derivatives with respect to this frame are denoted 

5^/ := ^m/ . d^f := ^jif , dof := $o/ , 

for all /i, and any for any holomorphic function /; 

• the index notation follows the convention of |PR84) . In particular, the Einstein summation convention 
is used throughout, and square brackets around a set of indices denotes skew symmetrisation; 

• only the Bianchi equations in odd dimensions are given - the even-dimensional case can be recovered 
by ignoring any term containing an index 0. 



~'^^[iy\o\ c'^jctka ^ 2r[^|Q| c^]^^^ - 4r[^u^ C';^]|^i^]Q - 4r[^, i[^ C'^ii^i^jg -4r[^i[^ C'ahoiho 

2^[/i ^v\pK.X + (^p'^pukX = ^'^9 p[k. ^ X\pu ^ '^^[pvf'-'pcrKX ~ '^^ [puf ^ pi kX ^ "^^ [pv] ^pOfcA 

^^ p[p '-'v]aK.X '^^ p[p '^ v]aKX ■^^ p[p '^ p]aKX '^^[i'\p\ "-^pJctkA ^^ [i> |p| ^mI^kA '^^[v\p\ '^ p\Qk,X 

'4r[^i[„'^c^]i^i^]^-4r[^i[^'^c^]i^i^]^ ~4rj^ij^ C'A]|o|i>]p^2r^j^'^c^]^^^ ^^r-j^'^c^j^^j, ^^^pIk ^ x]qpi' ^ 

(A.3) 

'^^[p C^i/]OkO + ^O^pviiG = ^npu ^ "^^[pu] ^OanO ^ "^^ [pv] '-'OctkO 

•^^ 0[p ^v]aKO ^-'- 0[m ^i^JctkO ^^ 0[p "-"i/IOkO [i' |0| "-^pJctkO [i^ |0| ^/j]5-k0 

~'^^[p\k C'0(t|i']0 + 2r[^|o C'Kcr|i/]0 ^ 2r[^|^ ^Oa\v\0 +'^^[p\Q ^Ka\v](i 

^ ^ Ore ^Oapv + ^ 00 ^recrpi/ ~ ^ Ore ^Oapv + ^ 00 ^Kapu ' (^-4) 
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2^[^ L7iy]pK0 + ^p^pi'KO ^ Qpn^Otiv "^^[tJ-v] ^pcynO "^^[fJ-i^] ^paKO '^^ [f^v] ^pOkO 



-2T,,..^C 



-2r,r "c, 



-2r,,,V 



^ '^^[v\p\ ^ ' 



^'^^[v\p\ ^' 



^ 21 r,, I ~| C , 






pK Ocrpi' 



pO KCJ pU 



pK Qa pu 



TpO ^Kapu ' (^-5) 



^^[p'^i.iokA +^oC„^«A - 2.9, |3^A^|^jo 2r[^^]'"Cp^^3^ 2r[^^j'"Cp_^3^ 



2ro[^'^C^]^„X 



2ro[^'^c^]^^x 



2ro[^ '^y]OKA 2r[^|o|'^c^j^^^ 



2^['-ior'^^]<jKA 



^-^[p|k "^AffliylO ^^-^ [p|A "^KcrlHO ^-^[p|k ^AS|;/]0 ^^-^ [p|A ^k<t| ,>]0 ^-^[p|k "^AOI ;/]0 ^ ^"^ [p | A ^kO| i^JO 



29r,, C ,^ r +d^C r = 2g, 1^ ^Kliylfl ^ 9oK^\ 

IP iy\pKX P puKA •^[p\\ ^\^\P -^P^ Api/ 

op ^/^ 9P (Ty^ op f^ _ op ^/^ op '^ f^ 9P ^ r^ 

^-^ [P-^] "^ptTKA ^-^ [P'^l ^p<tkA ^-^ [pH ^pOkA ^-^p[p ^HctkA ^-^p[p ^^]a-KA ^"^ p[p "^^JOkA 



^^[''Ipr'^pl^TKA 



^^["-Ipr'^piaKA "^^Wm '^pJokA 



op CT^ _ op CT/-f _ op Op 

^-^[p|k '-'aIctIi^Jp [p|k ^A|CT|iy]p [p|k ^A|0| Hp 



I op o-jr-f I op a f-< I op 0(^ 

' [p|A ^KkkJp ^ ^-^ [p|A ^K|CT|iy]p ^ ^-^ [^|A '-^kIOIi^Ip " pK ^Xcrpv " pi^ """Xapv " P^ ^AOpy 



P (Ty^ p CTy^ p r^ 

^ pA ^K,apv ^ -^ pA ^K-crpv ^ -^ pA ^KOpu 



(A.7) 



^P^!>OkO + ^S^OpKO + (^O^pOkO ^ .9i>K^00p + ^Kpi> 



p ^/^ P O"/^ I p '^/'~* I P CTy^^ p ^/^ P '^ ^ 

-•- pi> '-'OctkO -*- p;7 '-'OctkO ' -*- t>p ^OctkO + -*- t>p "-^OctkO -*- ;70 ^pcrKO -*- 00 '-^paKO 



-L Oi> '-^panO 



^ Oi> ^paiiO 



p Oy^ p cT/^ p ^ r^ P ^/^ 

-L Ot> ^pOkO -■- Op '-'licrKO ^ Op '^uanO ^ Op '-'C'OkO 



+ -L pO ^OanO + -L pO ^Oo-kO ^ pn '^OauO ^ pn '^OavO + -^ pO ^navO + -*- pO '^ navO 

p cr/^ p '^ (^ I P ^^ _l_ P '^^ P '^^ P ^^ 

-L i>K '-'OcrOp ^ UK ^Oo-Op + -•- SO "-^KcrOp + -•- SO '-'Ka-Op -•- Ok '^Oapv -*- Ok ^OffpS 



P '^ C 

-^ 00 ^Kapv 



-^ 00 ^KO-pv ^ 



(A.8) 



2c^[p C'fijp^Q + 9pC^£;^o — 2.g[^|^ylQ|£;jp 2r[^-]'^Cp^^o ^Fj-j^j'^Cpj^o '^^[po] ^pOko 

op a ^ op <^/^ op 0/^ OP ^ /^ 9P ^ r^ 9P ^/^ 

■^^ p[p ^ ii]aKO "^^ p[p ^SJa-KO ■^'^ p[p "^SJOkO [S|p| '-'pIctkO [!> |p| ^p]ctkO [!> |p| ^pJOkO 

~2r[-|^ C'oIctIsJp + 2r[^|o C'kIctIsJp ^ 2r[-|^ '^o\a\C']p +'^^[p\o '~^K.\a\C']p 

^ -*- pK ^Oapv + -*- pO ^Kapv ^ -*- pK ^Oapv + -*- pO ^napv 1^.9) 



2c^[p C'fijQ^A + ^o^'pSkA — 4.g[^|[^ A^j|£;jg 2r[--]'^CocrKA 2r[--]'^CoarKA 



2ro[p'^C'r, 



I>|(TkA ^ 2rg[^ L;S]ctkA ^ 2rg[^ C^ £>] Ok A ^ ^F [ - | g | C ^] cr K A ^ ^F Jjj | q | C^J^^A 

■ 4F[^|[«.'^CA]|cr|£>]o ^ 4F[^|[^'^CA]|^|i>]o ^ 4F[-|[^ C'a]|o|i>]o 

^ 2Fg[^ C^ Ajcrps ^ 2Fg[^ C^AjapS ^ 2Fg[^ C^ Ajops ' 



(A.IO) 



IP i^JOkA ^' pUKA 



-4.9[p|[s 



A, 



A I HO 



2F 



[pH OctkA 



'^^[pyf^OakX 



'^^0[p'^^i,]ak\ 



2ro[p C'yjgsA 2F[^|g|'^C^j^^^ 



2^['-|0r'^p]<JSA 



- ^FoiK^C'Alffp^ ^ 2Fof-'"C^i^^^ - 2Fo[^ C'aIop^ ' 



(A.ll) 
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'^^ p[p ^ p]crkO "^^ plfi ^ v]akQ '^^ p[p ^ p]QkQ '^^[p\p\ '^ p\crkO W\p\ ^ f^akO [i> |p| ^ p]OkO 

~ "^^[p |s'^^0|ct| iy]p + 2r[^ lo'^Q |cr| i^]p ^ 2rj^ |k'^C'o|ct| i^Jp + '^^[fi |o'^'^S|a-| iy]p 

~ -1- pK ^Oapu + -I- pO ^k(jp.v ^ ^ pk ^Oa^iv '^ ^ pO ^ka^iv (A-12) 



^-'- p[/I "-"iJlcrKA ^^ p[A ^ V]akX "^^ p[p ^v]ak\ '^^[v\p\ ^ p.]crk\ '^^[v\p\ ^ p.]akX '^^[i'\p\ ^/i]OKA 

''^^[p.\k ^a|<t|i>]p ^ 2rj^|- C'aIctIpIp ^ 2rj-|^ C'^|o|£.]p +2r[-|^ QictIi^Ip +2r[^|A C';j|-|P]p +2rj-|^ '^k\o\v]p 

^ ^ pk ^Xafiv ~ ^ pk ^Xiypv ^ ^ pk ^ XOfiv + -I- pA ^kafiv + -I- pA ^kapv + -I- pA ^kOfii/ i (A. 13) 



- p ^/^^ p ^/^^ -L r ^^ ^ p ''^/^^ -I- p ^^ p a /^ p '^/^ p *^/^ 

-■- I/O ^/icTKO -*- 1/0 '-'/ia-KO T" -■- Oi/ ^p<jkO I -*- Oj/ ^/Io-kO I -*- Oj/ ^pOkO -*- Op ^iy<jKO -"- Op ^i/ctkO -"- Op ^j/QkO 

+ -I- pO ^!/<tkO + -*- pO ^!/o-kO ~ -I- pK ^Octj/Q ~ -I- pre ^Octi/0 + -*- pO ^k<ti/0 + -I- pO ^kcti/0 

p ^^ P o"/^ I p ^/^ I P ^^ P tj/^ p ^/^^ 

-•- i/K ^Oo-Qp -*- i/K ^Oa-Qp +-'-7/0 ^KO-Op +-'-7/0 ^KO-Op -'- Ok ^Offpi/ -'- Ok '-'Oa-p!/ 

+ Too C^kapu +^00 ^kapv ^ (^-14) 
2^[p ^i/]pKO + ^p^pOkO = ^.9pK^0pj> ^ '^^[f:ii>] ^pcrkO ^ ^^[pP] ^pctkO ^ -^^[piJ] ^pOkO 

op 17 /^ op f^/^^ 9P 0^ op (Jy-^ op <^/^ op 0/^ 

^-'- p[p "-^j>]ctkO ^-'- p[p ^i>]o-kO ■^'^ p[^l ^i>]OKO [i>|p| ^pJctkO [i> |p| "^pIctkO [v\p\ ^p]OkO 

"^Fj^l^ C'q^|,5]p + 2Fj^|Q C;jg.|£;]p - 2Fj^|^ C'oa-l i>]p + 2F[^|o C^ali^lp 

~ -I- pK ^Oa-pi> + -I- pO ^kafiv ^ ^ pk ^Oa-pi> + -I- pO ^kapv: (A. 15) 

2f^[p C'j.jQ^^ + 9oC^£;kA = ^2g[^|^A;j|^]Q — 2Fj^j,]'^Co£,kA ^ 2Fj^j,]'^Co^ka 

^ ^-'- 0[p ^i/]ctkA ^ ^-'- 0[p ^j>]5-kA ^ ^-'- 0[p ^i>]OKA ^ ^-'- [j>|0| ^ p]<tkA ^ ^-'- [i> |0| ^p]5-kA 

~2F[-|- C^£,|,5]Q +2F[^|;^ C'^<j|i>]o ^2Fj^|;j C'^a-|£i]o +2F[^|a Cka\v]a ^'^'^[p\k ^aoiE'Jo '^'^^[p\x ^ka\i>]Q 

^'^Ok ^Xapv + TqA ^kapv ^ '^ Hk ^Xafiv + ^qA ^kapv ^ '^ Ok ^ XQpv + TqA ^ kQpv ) (A. 16) 

2% ^u]pkX + ^P^pi>kX = ^^^pIk^aJpP ^ ^^Ipi^l^^p^KA ~ 2^[p>>]''*^p*kA ^ ^^[PS] C'pOkA 

'^^ P\i^ ^ u]akX ^^ Plii ^ v\akX '^^ p{i^ ^tJJOkA ^"^ ['^ IpI ^p]o-kA ^"^ [!> IpI ^p]5-kA ^"^["^IpI "-^pJOkA 

Zip '^r' — 4P "c — ztp "r' — 9P '^r' — 9P "c —ov ^r' 

^^[P|[ft ^A]|ct|P]p *^[p|[S ^a]|<t|£>]p ^^[p|[k ^a]|0|7>]p ^-^p[k ^A]api> ^"^ p[k ^Aj^pP ^"^ p[ft ^AjOpP' 

(A.17) 



2^[p L7i/]0K0 + ^O^pi>KO — ^Kpj> -^^[pP] ^OctkO '^^[pi>] ^OctkO 

op O"^ op (7 j^ op Oy-^ op (7 y^ op <7 j^ 

^-'- 0[p ^PIctkO ^-'- 0[p '^ i>]akO ■^^ nip ^j>]OkO ^-'-[E'lOl ^p]<tkO [i>|0| "-^pJo-kO 

~2Fj^|^ C'oa-|ii]o + 2F[^|o Qo-iPio ^ 2Fj^|^ C'oa-i i>]o + 2F[^|o C'ks-ipio 



^Ok ^0(Tp£>+roo ^kaav '^ Ok ^OapP + ^00 ^kafii' ^ (A. 18) 
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2%^>>]0kA +^oC^sSA - ^'^^If^'^f'^OakX 



2r[^£,] C'offSA 2-'"o[A '^iijcrSA ^^o[A "^slCTftA 2-'"o[/i C'-jp-^ 



2r[£;|o|'^C'^]„SA 



2r[£>|o|''C'_j^^3^ 4r[-|[^'"c^i|^i^jP "4r[-|[^'^C3^i|_i_,jg "4r[^i[- c^^ii^i^jg 



2ro[«''C'3,i|„l^£; ~2ro[^'^C3^i|_^i^^ 



2r, 



o[.°^Al|o|,.' (A-19) 



IP u p\k\ 



''^^IP.C' ^ p\crk\ 



"^^[fiO ^ p]aii\ 



op 0^ 



^^[/i|[K '-^A]|<T|£;p] 



2r[;ii[s''C'Ai|a|i>p] 



2%|[.°Ca1|o|.p]' (A-20) 
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